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For those sceptical and curious, who are not afraid of relying on their own logic and sense and
thus becoming able to formulate and believe in their own conclusions
The mysterious thing about chemistry is its power to explain a world based merely on a handful
of assumption and some surprisingly good model systems. If anything else remains mysterious
is either badly explained or explained by somebody who himself does not have enough outsight
(most of the time, that, and not insight is the more valuable) - or is something that really is worth
attention. So the only thing more valuable than a question is the answer given for it that is later
proven to be wrong. In contrast to a right answer, namely, that inspires for further study - and
might lead to unforeseen discoveries.
This book is intended to serve as offering a general overview over the International Chemistry
Olympiad topics - introduced in an order which allows for a proper understanding of each topic.
It strongly builds on the knowledge I had acquired during the IChO preparations both individually and during the training camps. Therefore, before anything further, I would like to express
my great gratitude towards all, who have in any way contributed to those camps and inspired us
throughout.
No one before has ventured - to my best knowledge - to create such a summary - therefore I
have myself to set the standard to myself. In my opinion, nobody can properly know something
unless he starts questioning his own understanding - and finds out why he thinks in a way he
does. Then, and only then can he reason for his right, enjoy discovering the results of some
simple assumptions and solve seemingly unsolvable problems easily by reducing it to the fundamental level and stepwise applying mere logic to reach an - under the initial conditions - right
conclusion.
While writing this book, I strived to follow this principle. Both teaching and writing something requires a certain self-questioning - which, as above mentioned, I think is the pillar of
understanding. Understanding not just of the subject, but of our own thinking - which, if anything, is valuable. Therefore, apart from wishing a good time reading this booklet, I suggest
everybody to try and transmit any knowledge he acquires. (However appealing it seems at first,
knowing just to know more is selfish and on long term makes perfectly no sense - in my opinion,
know more to give others the opportunity to learn more, is way more the right attitude - who
knows what somebody else gets out from the same information?)
Soma
Paris, 24/07/2018
P.S.: the observed concavity in the colours I have used can mainly be attributed to my stepwise discovery of them in my posession and than later to their gradual decline in power.
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Chapter 1

Behaviour of particles
Without understanding, why and how, i.e. governed by which laws, the constituents of our world
behave, it is impossible to explain anything. It turns out, that our living world is built up of only
3-4 particles, and their motion and behaviour is described by only 2-3 universal laws. These will
be examined in the following chapter.

1.1

Conservation laws

Although not forming part of the curriculum, I think proper understanding of the fundamental
axioms of science is of undisputed importance for anybody wanting to build up a logical model
of our world. This may give me enough justification to deal with them here.
First, let me define:
an isolated systemm is a system so far removed from other system that it does not interact with
them. Although isolated systems in nature can not exist (e.g. due to gravity), it can be a good
approximation of many systems.
Now, the conservation laws postulate (axioms), that:
there exists particular measurable quantities of isolated systems that does not change with time.
These include: energy, linear momentum, angular momentum and charge (this is a bit more
complicated). However, these axioms, according to Noether’s theorem, can be considered as
consequences of underlying symmetries of our world:
from the assumption that physical processes, interactions exhibit the same outcome regardless
of time and position in space, follow the conservation of energy and linear momentum, respectively. That the outcome is independent of the orientation of the system, implies conservation of
angular momentum, and the Lorentz invariance, i.e. that the laws of nature are the same in every
reference frame, imply charge conservation. The proof is straightforward, but involves advanced
maths (use of Lagrangian).

11
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Now, so far we haven’t defined what we mean by energy or the momenta, but they must be
conserved in an isolated system. This, however is difficult and far from obvious, as both relativity and quantum mechanics do introduce these quantities, but these definitions are difficult to
reconcile (mainly because of the operator-observable treatment of QM), the field of relativistic
quantum mechanics deals with this problem. Here, we deal with only energy and linear momentum.
In special relativity, energy and momentum are defined, to remain constant in interactions:

with

E = γm0 c2

(1.1)

p = γm0 v

(1.2)

1
γ=q
1 − ( vc )2

(1.3)

Generally, in special relativity, we sometimes write the energy as:
E = Erest + Ekin

(1.4)

and from the definition of rest energy (using the well known formula), follows, that:
Ekin = (γ − 1)Erest

(1.5)
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Which, for low velocities, simplifies to (using binomial expansion):
1
Ekin = m0 v2
2

(1.6)

. Also, this expression implies, that for velocities closer to the velocity of light, the effective
mass of the particle increases considerably. From these definitions follows also, that there exists
a quantity, which is invariant in every reference frame, which is called the length of the energy momentum 4vector:
E 2 − p2 c2 = m20 c4
(1.7)
rationalizing the concept of time being equivalent to the spatial coordinates (when something is
observed, this 4vector is observed, just from different directions, depending on the frame of reference). For a multiparticle systems, the energy and momentum are sum of individual energies,
momenta.
In classical systems, from the equations defining the time evolution of the system (in Newtonian mechanics the 2nd law, but the Lagrangian and Hamiltonian mechanics have equivalent
equations), and our definition of the kinetic energy as:
1
Ekin = mv2
2
and the potential energy as:

(1.8)

Z r

E pot =

∇φ (r)dr

(1.9)

re f

follows, that if we define the total energy of the system as the sum of potential and kinetic
energies, the total energy will indeed remain constant. Worth noting, that for an isolated system,
the Hamiltonian indeed equals to this total energy. (For a relativistic particle, the Hamiltonian
equals to the sum of relativistic total energy and the potential energies).
In quantum mechanics, i.e. in systems in which the wave-particle duality can not be neglected, as discussed later, the problems is that we can’t give the position and velocity simultaneously because the system instead of being described by positions and velocities, is described
by a wavefunction. The evolution of the wavefunction is governed by the Schrödinger equation
(SE), involving the Hamiltonian operator, defined as:
2

b = Tb + Vb = − h̄ ∇2 +V (r,t)
H
2m

(1.10)

which, similarly to the previous Hamiltonian, consists of two ( denoted as kinetic and potential)
terms. The SE equation implies that for an isolated system the sum of potential and kinetic
(shown later) energies (defined as above) remain constant (actually, they are eigenvalues of the
Hamiltonian operator, i.e. the Hamiltonian determines the eigenvalue of an eigenstate). More
fundamentally, the SE itself can be regarded simply as the consequence of us giving the total
energy - the Hamiltonian for isolated system - as sum of potential and kinetic energies - and thus
actually relating back to Newton’s equation of motion and the conservation of energy. Newton’s
laws do arise therefore from the SE in the classical limit, but the SE is much more general,

14
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incorporates the wave-particle duality (later).
Here, I’ve only hinted, that our definition of energy is in accordance with the conservation laws,
both in relativistic cases (the Lorentz transformation was used to define them appropriately) and
in non-relativistic cases (the Newton/SE equations are used to define them appropriately). Far
from being trivial, but it is quite satisfying, that it can be shown that the two energies indeed are
compatible with each other, i.e. special relativity and quantum mechanics are compatible (the
case of general relativity is a tiny bit more difficult).

1.2

Wave-particle duality

If projected through a slit with N holes a distance d apart, a size comparable to its wavelength,
λ waves (effects obeying the wave equation), as explained by the Huygens-Fresnel principle,
produce a characteristic diffraction pattern on a distant screen, with maxima (all having path
difference d sin θ a multiple of λ ) and minima (the total phase difference, Nkd sin θ is multiple
of 2π) at angles:
nλ
mλ
sin θmax =
sin θmin =
(1.11)
d
Nd
.
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These equations can be used to determine the wavelength of e.g. of EM waves. Interestingly, other particles show wavelike properties as well, and using the above relations, de-Broglie
showed that:
1
h
p=
(1.12)
p∼
λ
λ
. This relationship suggests that every particle can behave as waves during propagation. However, if thus analysed, the spectrum of a radiating black body at a temperature T gives that the
intensity-wavelength curve has a temperature dependent maximum (Wien’s law):
λmax ∼

1
T

(1.13)

and the total power is proportional to T 4 (Stefan-Boltzmann law). A black body is a is an idealized physical body that absorbs all incident electromagnetic radiation, regardless of frequency or
angle of incidence, and if at thermal equilibrium (constant T), must emit this very same amount.
The distribution of energy, however, on the wavelengths, is not trivial and can’t be explained
by a continuous outflow of radiation. It can be explained, however, if we assumed that the
propagation of EM waves itself is quantized, with each quanta having energy:
E∼

1
λ

E =h

c
= hν
λ

(1.14)

as proposed by Max Planck. This view is reinforced by its use in Einstein’s explanation for the
photoelectric effect. If illuminated by light, charge carriers exit the surface of metals (in random
directions). By constructing a circuit and applying a voltage across the anode and cathode, the
kinetic energy of the particles (through determining the voltage at the current drops to 0) could be
determined, and surprisingly, was found to be only the function the wavelength, and independent
of the intensity. Also, current flew only above a certain wavelength. These observations are
explained by Einstein’s idea, that every photon (light quantum) excites a carrier and ionizes iff
(if and only if) it exceeds a certain energy:
E ph = h

c
= Φ0 + Ekin
λ

Ekin = eUmax

(1.15)

The above equation can be used to determine the value of Planck constant, among others. These
results indicate that both light and other particles have wave-particle dual nature, therefore,
neither the mechanical description (Newton, Lagrange etc) nor the wave perspective can describe
them completely. This is done by quantum mechanics, by the Schrödinger equation.

1.3

Quantum mechanical description

The quantum mechanical description of our world, that manages the unite the particle-wave nature, builds on the Dirac-Neumann axioms (compare with mechanics on Newton’s laws, special
relativity on its two axioms given by Einstein). Their proper understanding is difficult without
the required background in maths, but we can summarize the main assumptions as follows: 1.
each state of the system is represented by a wavefunction (a function, that assigns a scalar to
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every point in space and obeys the wave equation) ψ which is a unit vector in the Hilbert space,
i.e. a complex valued function of r and t.This ψ contains all the information about the system.
2. The observables (observable quantities, e.g. energy, momentum) are represented by Hermitian matrices (matrix are just ordered numbers into 2D lattice obeying their own addition,
product, e.g. operations. They are Hermitian, if we exchange their rows and columns we get
back the complex conjugate of the original number at a given position) operators acting on these
ψ. Their expectation value is given by their inner product (multiply first by the operator, than
the transformed wavefunction by the original wavefunction) with ψ, in fancy notation (bra-ket)
as hψ|A|ψi.
Follows, that ψ can be represented as in the basis formed by the eigenvectors of Ã (arbitrary
operator), then the square of the modulus of the component associated with an eigenvector is
proportional to the probability of observing the given eigenvalue, as shown later.

Although not axiom, Born’s interpretation of the wavefunction is that its modulus square at a
point gives the probability of finding a particle described by it at that point:
|Ψ(x, y, z)|2 ∝ p(x, y, z,t)

(1.16)

Therefore, for a physically sensible wavefunction, the integral of |Ψ|2 over all space must be
finite and scaled to 1.
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We can distinguish pure (we know that it is a given ψ) and mixed (we know that it is ψ
with p and θ with 1-p) state. The time evolution of the system described by ψ is given by the
Schrödinger equation (which can be derived from the axioms and the conservation laws) which
incorporates the correspondence principle (in the classical limit, it must reproduce Newton’s
law):
∂
b
(1.17)
ih̄ Ψ(r,t) = HΨ(r,t)
∂t
b is not trivial. It is the Hamiltonian operator, that incorporates the total
To solve this, setting up H
energy of the system, and to obtain it, we must in every case recur to the law of conservation
of the energy. An important property is the linearity of the SE, implying, that the sum of two
solutions is also a solution. It is a separate solution - not to be confused with the mixed state (in
which, the system is described with a solution with a given probability p), it describes a pure
state.
−iEn t
If the potential is time-independent, there exist separable solutions of the form Ψs = ψ(r)e h̄ ,
where the spatial part has to satisfy the time-independent Schroedinger equation (TISE):
b = Eψ
Hψ

(1.18)

Because of the form of this equation, i.e. that action of the operator gives back a scalar multiple
of the function itself, these functions are called eigenfunctions, the states eigenstates, with corresponding eigenvalues. As it can be seen, only the phase of these solutions depend on time, their
’form’ does not - therefore, they are called stationary states. It can be proved, that they form
a complete set, i.e. every solution can be written as their linear combination for this constant
Hamiltonian operator:
Ψ = ∑ cn Ψsn

where

cn = hΨ|Ψsn i and

(1.19)

n

To accept this, just think of ordinary vectors (wavefunction) which we can give as linear combination of the basis vectors (eigenvectors), where the coefficients are the projections into the
given direction (assuming unitary eigenvectors, they are just the inner product).
From the definition of the expected value as above, follows also, that for an arbitrary state the
expected value of the observable can be expressed with the eigenvalues of the eigenstates (of the
operator acting on the wavefunction) and the inner product between the wavefunction and the
eigenfunctions:
h∑ cn Ψsn |A| ∑ cn Ψsn i = (∑ cn Ψsn )(∑ cn en Ψsn ) = ∑ |cn |2 en
n

n

n

n

(1.20)

n

This latter derivation holds for every operator, for all of them we can find the eigenfunctions and
express the wavefunctions as linear combination, and get the expectation value of the observable. However, the energy eigenstates are quite useful, as we can measure energy easily, and
therefore the TISE solutions are of high relevance.
Finding these energy eigenstates is easy (we use the energy operator, as follows), they are ordinary differential equations, or separable partial differential equations, in case of multiple dimensions. In chemistry, we call these non-evolving states atomic orbitals / molecular orbitals.
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It is important to emphasize, that specifically in chemistry, for a H̃ = constant case, i.e. non
changing electron and atom distribution, the atomic orbitals give only the eigenstate solutions
(as we will see). Infinitely more time solutions exist, which all can be obtained by the linear
combination of the eigenstates (and thus we can calculate their expected energy), and therefore, for a constant potential, only their phase will depend on time. Let us now solve this TISE
equation for specific geometries.

1.3.1

Infinite rectangular potential well

In 1D, a potential well of length a has infinite potential outside the a long region, where it has a
constant (say 0) potential. In this case, we have:
(
∞, if x < 0 or x > a b
h̄2 d 2
V (x) =
H =−
+V (x)
(1.21)
2m dx2
0, otherwise
and thus the TISE:

d 2 ψ(x) 2mE
+ 2 ψ(x) = 0
dx2
h̄
, which solves easily to yield the general solution
r
r
2mE
2mE
x) + B sin(
x).
ψ(x) = A cos(
2
h̄
h̄2

(1.22)

(1.23)

Applying the boundary conditions, i.e. that the wavefunction vanishes at the boundaries (because
of the infinitely large potential), gives that:
r
2mE
nπ
nπ
n2 π 2 h̄2
A=0
=
⇒
ψ(x)
=
B
sin(
x)
E
=
(1.24)
a
a
a2 2m
h̄2
An important consequence of the boundary conditions, that the energy spectrum is quantized. In
multiple, 2D, 3D, the sum of operators imply solution in the form of product, ψ = X(x)Y (y)Z(z),
which upon substitution yield 3 separate equations:
2
2
2
2
2
2
b = − h̄ ∂ + − h̄ ∂ + − h̄ ∂ +V (x, y, z)
H
2m ∂ x2
2m ∂ y2
2m ∂ z2

(1.25)

giving
d 2 X(x) 2mE1
+ 2 X(x) = 0,
dx2
h̄

d 2Y (y) 2mE2
+ 2 Y (y) = 0,
dy2
h̄

d 2 Z(z) 2mE3
+ 2 Z(z) = 0,
dz2
h̄

(1.26)

If the function is confined by infinite potentials to a region bounded by a, b, c, respectively, then
solution is:
ψ(x, y, z) = D sin(

nπ
mπ
lπ
π 2 h̄2 n2 m2 l 2
x) sin(
y) sin( z) E =
( +
+ )
a
b
c
2m a2 b2 c2

In every cases, the constants are fixed such that the function is square normalised.

(1.27)
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Infinite round potential well

In this case, the potential is infinite outside a spherical or circular region. Now we again look
for separable solutions of the form Ψ(r, φ ) = R(r)Y (φ ) in polar coordinates:
(
2
2
2
∞, if r > a
b = − h̄ ( ∂ + 1 ∂ + 1 ∂ ) +V (r)
V (r) =
H
(1.28)
2m ∂ r2 r ∂ r r2 ∂ φ 2
0, otherwise
Using simply the polar form of the Laplacian. Substituting back and rearranging the TISE
equation, yields two differential equations for the radial and the angular parts, with l 2 introduced
as arbitrary, but positive constant:
√
2
∂ 2Y
∂R
2mE
2
2∂ R
2 2
2
2
(1.29)
= −l φ
r
+r
+ (k r − l )R = 0 with k =
∂φ2
∂ r2
∂r
h̄
Solving for the angular part is easy, and application of the boundary condition (angular part
remains the same after 2π) imply that l = 0, ±1, ±2.... The radial part is the Bessel function,
which is interesting, as have two type of solution for every absolute value of l. Discarding one
for every l, as it is not square normalizable (diverges at 0), we get that:
R(r) = AJ|l| (kr) where

J|l| (z) = zl (−

1 d l sin(z)
)(
)
z dz
z

(1.30)
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Thus, for every l, we have a Bessel function, which must satisfy the boundary condition, it must
be zero when a = r. The Bessel function, however, can be 0 infinite discrete kr values, the n-th
root is denoted as znl . Thus, the boundary conditions give us an expression for the energy (k) as
a function of l and n:
z2 h̄2
znl
(1.31)
⇒ Enl = nl 2
J|l| (ka) = 0 ⇒ k =
a
2ma
. The two solutions can thus be written as (after solving for the angular part):
ψ(r, φ ) = Cnl J|l| (kr) sin(lφ ) ψ(r, φ ) = Dnl J|l| (kr)cos(lφ )

(1.32)

The eigenstates are linear combinations of these, but basically only rotations of one of them. The
basic point is: for every n,l combination, the function has an energy, and we have two linearly
independent solutions (the eigenfunctions) to build up all the solutions (with same energy). The
number of radial nodes is given by n-1, those of angular by 2l. In 3D, we can carry out a
very similar analysis, using spherical polar coordinates. We will obtain a very similar results,
i.e. that the radial parts are given by the Bessel functions whereas the angular parts are the so
called spherical harmonics. Here, every eigenstate solution will be characterised by 3 quantum
numbers, n, l, and m. Similarly to the 2D case, the energy will depend only on n and l, but n
must be positive integer, l a non-negative integer, m an integer between -l and l. These, and in
the future, all quantization and restrictions follow either from imposing the boundary conditions
(here-the function is the same, no matter how much extra 2π we add to the angular part) or from
the nature of the Bessel functions, and later from the Legendre and Laguerre polynomials.

1.3.3

Finite potentials and tunnelling

Now let us return to the simple 1D, and consider the case where the potential is defined as:
(
V0 > 0, if 0 < x < a b
h̄2 d 2
V (r) =
H =−
+V (x)
(1.33)
2m dx2
0,
otherwise
Now the Schroedinger equation is slightly different in the two regions:
d 2 ψ(x) 2mE
+ 2 ψ(x) = 0
dx2
h̄

d 2 ψ(x) 2m(E −V0 )
+
ψ(x) = 0
dx2
h̄2

(1.34)

Let us consider the case when E < V0 , i.e. we would expect the particle to bounce back (classical
picture) from the wall. Then the solutions:
i

ψ(x) = Ae

q

2mE
x
h̄2

−i

+ Be

q

2mE
x
h̄2

q

ψ(x) = Ce

2m(V −E)
x
h̄2

q
− 2m(V2−E) x

+ De

h̄

(1.35)

Now, we have 6 unknowns (C,D for the middle region, A,B and E, F before and after the region).
We can view A as the coefficient of the arriving, B as the reflected, E as the transmitted wave. We
can put F = 0, as we don’t expect particle travelling to the left after the barrier. The boundary
conditions, i.e. that the solutions must agree at x = 0 and at x = a and that they must have
the same slope their, lead to 4 equations. From these, but we can express the transmission
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probability, i.e. the ratio of the transmitted wave to that of the arriving wave. For sufficiently
high and wide barrier, this is given simply by:
E −2
E
T = 16 (1 − )e
V0
V0

q

2m(V −E)
a
h̄2

(1.36)

The main consequence of this is, that the tunnelling decreases with the mass and the width of the
barrier, as given above. Whenever we have a finite potential barrier, in direct opposition to the
classical picture, the wavefunction will take a non-zero value even in regions where the potential
is greater than the energy of the system.

1.3.4

The harmonic oscillator

For the last case analytical case, let us inspect the case where the potential is that of a harmonic
oscillators around an equilibrium point:
r
1 2 b
h̄2 d 2
k
V (x) = κx H = −
+V (x) and ω =
(1.37)
2
2
2m dx
m
Now this gives us the TISE:
(−

h̄2 d 2
1
+ mω 2 x2 )ψ = Eψ
2m dx2 2

(1.38)
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This is less trivial to solve, and there exist a brilliant method, developed by Dirac, which, however is outside the scope of this booklet. The obtained eigenstates are given by the so called
Hermite polynomial:
n
2 d
2
Hn (z) = (−1)n ez n (e−z )
(1.39)
dz
as
r
1
mω 1 − mωx2
mω
(
) 4 e 2h̄ Hn (
ψ(x) = √
x)
(1.40)
h̄
2n n! π h̄
These solutions need not to bother us, the important consequence is, that the energies are given
by:
1
(1.41)
En = h̄ω(n + )
2
i.e. they are quantized, equally spaced and non zero at the lowest level. This, actually, is in
accordance with the so called uncertainty principle (everything so far is accordance with it). In
classical case we expect, that in the lowest mode, both the position and the energy are fixed at 0.
Let us see some classical examples. In all cases, a second order ordinary differential equation
without damping term describes a constant amplitude oscillation. This arises for example when
a mass is attached to a spring, either in vertical or horizontal positions, and moves in the springs
potential. Then from writing up the forces directly the equation of motion:
r
k
k
mẍ = −kx ⇒ ẍ + ( )x = 0 ⇒ ω0 =
(1.42)
m
m
Interesting, and worth noting, that when two bodies are connected by a spring, a similar equation
of motion arises, thus the frequency of oscillation takes a similar form. This can be seen using
conservation of energy (could have used it in the previous case as well):
1
1
1
1
E = Ekin + E pot = m1 x˙1 2 + m2 x˙2 2 + kx12 + kx22
2
2
2
2

(1.43)

Taking the time derivative of this expression (carefully) and equating it to 0, we get an equation
of motion for the system:
s
k
m1 m2
k
ẍ + x = 0 with µ =
⇒ ω0 =
(1.44)
µ
m1 + m2
µ
Actually, if the energy can be written in similar form (E = 21 α ẋ2 + 12 β x2 ), the equation of motion can always be obtained this way, accounting for an oscillation. As the kinetic energy is
always takes this form, the only requirement is the potential energy. But it can be shown (Taylor
expand) that around equilibrium position every potential takes this form - thus, when disturbed
at equilibrium,
every object will undergo SHM around its equilibrium, with the given frequency
q
(ω0 = αβ ) in the classical limit.
Although the same principle, i.e. Taylor expansion to get a harmonic potential, can be applied
for quantum systems as well, e.g. bonded atoms, electrons, there their motion is described by
the TISE and the wavefunction obtained above. This, as a consequence, yields, that their energy
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levels are quantized with a minimumq
energy, called the zero-point energy (n = 0). The harmonic
m2
oscillator approximation with ω0 = µk and µ = mm11+m
is often used to approximate energy of
2
electrons in bonds (according to valence bond (VB) theory only are we justified to treat bonds
in this localized manner). It is seen thus, that in the quantum mechanical case, both have a slight
uncertainty, variance around 0. The uncertainty principle is discussed as closure of the chapter.

1.3.5

Uncertainty principle

In most of the cases, if we have a probability distribution function, as in the case of the wavefunction, the mod squared function is, we can calculate the variance of the function, defined
as:

2

var(X) = σ (X) =

Z

(X − X)2 P(X)dX

(1.45)

(for discrete distribution, this simplifies to a sum). Also, the following relation holds (easily
derivable):

var(X) = exp(X 2 ) − exp(X)2

(1.46)

So far we have seen, that an arbitrary wavefunction can be written as linear combination of the
eigenstates (if the Hamiltonian is constant in time):

Ψ = ∑ cn Ψeig
n

and

exp(E) = hΨ|H|Ψi

n

, where E can be any observable, H is the corresponding (Hermitian) operator.

(1.47)
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Now for two observables, take the position, x and the momentum, p, using the Hermitian property of the operators and substituting in to the above formula for variance the expression given
for the expectation value, we get the quite famous Robertson uncertainty relation (only maths...),
which actually holds for any two observable:
1
h̄
σx2 σ p2 > ( h[ pbxb]i)2 ⇒ σx σ p >
2i
2

(1.48)

Now in quantum mechanical terms this is very easy to interpret, once we know the wavefunction,
just calculate the variance of position and momentum, and we will always find that this inequality
is satisfied. What this means physically, is that there is always a spread in the velocity and
position of the particles, systems, they can not be known precisely together. Imagine a particle
of velocity v - then this is described by a wave of a definite wavelength, as given by de-Broglie.
But we don’t know anything about its positions, the mod square is the same everywhere. We
can superpose more and more waves with different wavelength, thus creating a wavepacket now we can localize it better, but we have lost on our knowledge of the velocity. This seem to
imply, that our world intrinsicly (not that our measurements would limit the determinations) is
not determined to the last digit...

Chapter 2

Structure of atoms
We can’t see the atoms with our eyes, therefore to form an idea, what they might be, we must
recur to the models established based on the experimental results. The early models although
captured some important aspects, were not predictive. The first quantitative and thus predictive
model was the Bohr-model, which later became replaced by our current quantum-mechanical
model for atoms, needed, because the classical picture, which formed the basis of the Bohrmodel, were found not to apply on atomic scale (as we have seen previously).

2.1

The Bohr-model

The Bohr-model builds on postulates - but why would one need separate postulates only to
describe the atoms. Are they something special? Definitely no, but with the classical picture,
this is the most what one can do. So the postulates: atom is composed of a nucleus with charge
Ze and electrons orbit it on first circular, later elliptic orbit, due to the Coulomb interaction.
However, only orbits are permitted where the angular momentum satisfies L = me vr = nh̄. On
these orbits, the electron doesn’t radiate. This is necessary, because an accelerating electron
(one that orbits, constantly changes velocity, thus accelerates) emits radiation, looses energy
thus slowly should collapse to the nucleus. It is postulated, that electrons can be moved from
one orbit to the other, by absorbing or emitting the exact energy difference between the orbits.
25
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Quantitatively, this means for a circular orbit (electron is much lighter than the nucleus):
Ftot =

mv2
1 e2 Z
=
r
4πε0 r2

and

L = mvr = nh̄ ⇒ r =

n2 h̄2 4πε0
me2 Z

(2.1)

and the energy corresponding for each radius:
1 1 e2 Z
1 e2 Z
1 e2 Z
E = Ekin + E pot = (
)−
=−
= −Ekin
2 4πε0 r
4πε0 r
8πε0 r

(2.2)

The potential energy can be derived in a central potential using its definition previously given
(the minus sign stems from us defining the Coulomb force with this convention). The above
relationship holds in every central potential, and merging the two equation, we get the energy as
a function of n:
me4 Z 2
RH Z 2
E =−
=
(2.3)
n2
32π 2 ε02 n2 h̄2
Here, the value of the so called Rydberg constant is: RH = −13.6eV . Care must be taken not to
confuse the ground state (n = 1) with the first excited state (n = 2). This model thus derived holds
only for one electron atoms (and actually, assumes 2D). For more electrons, the e-e repulsion
would alter the potential energy. Also, positron-electron, or proton-muon atoms can be modelled
by this method, where, if the masses are similar, the reduced mass has to be used. This simplistic
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view explains some part of the spectrum of atoms. The observation, is that if illuminated by a
full spectrum of light, gas phase atoms absorb some distinct wavelengths (solids, due to bands,
absorb wavelength ranges). This is explained by every photon absorbed exciting an electron to
a higher energy level. The energy needed to excite from n to m is:

∆E = E f inal − Einitial = RH Z 2 (

1
1
− )
m2 n2

(2.4)

These transitions have names, are called Lyman (n = 1), Paschen (n = 2), Balmer (n = 3) series.
The absorbed photon energies fall into the UV, VIS, IR regions, respectively. Successful as the
Bohr model in explaining these series, it fails to account for the finer spectrum and its postulates
are (although, can be backwards derived) arbitrary.

2.2

Quantum mechanical model of atoms

If the postulates of quantum mechanics are accepted, our picture of atom is a multitude of electrons existing in the potential generated by the nucleus, constituting a system described by a
wavefunction. If constancy in time is assumed, this wavefunction is the linear combination of
the eigenstates, which can be found by solving the TISE. It is important to see, that the usual
conception, that we distinguish the electrons is not trivial - that is a (quite good) approximation
of the actual case, for which we had to solve the TISE of the whole system. We will deal with
complication later, as this does not emerge in the case of a hydrogen or 1 electron atoms.

2.2.1

The hydrogen atom

For the eigenstates, we have to solve the time independent Schroedinger equation:
2

b = EΨ
HΨ

b = Tb + Vb = − h̄ ∇2 +V (r,t)
with H
2m

(2.5)

Two complications arise: so far we have dealt only with harmonic potentials or uniform potentials, i.e. V ∝ 1r . As seen before, now the potential is inverse proportional to the distance. Also,
we have to treat the system as a two-body system, i.e. introduce the reduced mass (we - see
uncertainty principle - can’t anchor the nucleus).
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These make the accurate solution a bit lengthy, therefore only the main points are mentioned
here. The point is, to illustrate where the different quantum numbers come in and what actually
is a hydrogen (or our best model for it):
1. we use spherical polar coordinates (r, θ , φ ) and assume a separable solution of the form
Ψ(r, θ , φ ) = R(r)Y (θ , φ )
2. if this is replaced into the TISE, with the Laplacian expressed in spherical polar coordinates,
we are happy to get an expression of the form: A(r) − B(θ , φ ) = 0. Similar to the infinite round
potential case - this can only be satisfied if both A and B equal to the same (positive - for later
purposes) constant, which we call l(l +1). The equation A = l(l +1) is called the radial equation,
the equation B = l(l + 1) is called the angular equation, they have to be solved independently.
3. Solving the angular equation (which also a partial differential equation) follows the same
method (separation of variables), as we look for solution of the form Y (θ , φ ) = f (θ )g(φ ). Substituting this back, fortunately, yields again an equation of the form: C(θ , l) − D(φ ) = 0. This,
again, has non-trivial (0-0) solution iff C(θ , l) = m2 and D(φ ) = m2 . The former is called the
polar, the latter the azimuthal angle equation.
4. The azimuthal angle equation is easy to solve. It is the same as seen in the case of round
potential, just instead of l, our constant is called m:
∂ 2g
+ m2 g = 0 ⇒ g(φ ) = K1 cos(mφ ) + K2 sin(mφ ) or
∂φ2

g(φ ) = Keimφ

(2.6)
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From here, similarly to the round potential case, the quantization of m follows: m must be an
integer, because whenever 2π is added to φ , i.e. we go around once the origin, we should return
to the same place, i.e. get the same value for g.
5. The polar equation is a bit less trivial. In fact, it can be rewritten to yield the associated
Legendre equations, whose solutions are the associated Legendre polynomials, Pl,m (cos(θ )),
in our case (if m = 0, they are the Legendre polynomials, but the presence of m changes the
variables). First the Legendre polynomials have to be generated using the formula:
Pl (x) =

(−1)l d l
(1 − x2 )l
2l l! dxl

(2.7)

then from them the associated Legendre polynomials are obtained by:
q
dm
Pl,m (x) = (−1)l (1 − x2 )m m Pl (x)
dx

(2.8)

Feel free to play around with these, they yield simple polynomials.
6. Thus the angular part (after proper normalization constant, Kl,m ) yields:
Yl,m (θ , φ ) = Kl,m Pl,m (cos(θ ))eimφ

f or

m>0

and

?
Yl,−m (θ , φ ) = Yl,m
(θ , φ )

(2.9)

7. For the radial part: that is similar to this very last. Our radial equation, using substitutions,
can be transformed into a neater form of differential equation, that can be solved again by polynomials of known type, to yield:


y(r) = R(r)r
(2.10)
substitutions ( ε2 )2 = −2Eµ
µ = reduced mass
h̄2


x = εr

solution


x k+1
ykj (x) = e− 2 x 2 Lkj (x)




k2 −1


l(l + 1) = 4

if and only if

2

2µe
= 2 j+k+1
2
h̄2 ε


dk
k


L j (x) = (−1)k dx
k L j+k (x)



d j −x j
x
are the Laguerre polynomials
L j (x) = e dx j e x

(2.11)

Now this is good. Here we must note, that j and k must be non-negative.
7. To get the eigenenergies, we use a last substitution, namely: n = j + l + 1. Using this and the
above relations, an expression for the eigenenergies can easily be obtained:
E =−

h̄2
2µa20 n2

where

a0 =

h̄2
µe2

(2.12)

This is exactly the same expression as we have obtained for the Bohr atom - if we replace the
reduced mass with the mass of the electron (which, however, is an approximation) and use Z =
1.
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8. Now, we can easily give the solutions of the radial equation (using instead of the arbitrary j,
the newly introduced n, and instead of the ε, the more meaningful r):

Rn,l (r) = Sn,l e

− nar

0

(

2r l 2l+1 2r
)L
(
)
na0 n−l−1 na0

(2.13)

Where Sn,l is just a normalization constant. Thus, the general form of the eigenstates, again:

Ψnlm (r, θ , φ ) = Rn,l (r)Yl,m (θ , φ )

(2.14)

9. On this, two points are worth noting. From the boundary conditions follow that l can take
only integer values (and therefore, indirectly, the energy levels are quantized). From the nature
of the Legendre polynomials follow, that m is integer and |m| 6 l (only polynomials with this
relation converge). Not even in the axioms of QM, each orbital (eigenstate, or QM state) can be
occupied by 2 electrons of differing spin.
Finally, from the nature of the Laugerre polynomials follow (need for convergence) that n is
integer and must be greater than 1. Note that the energies depend only on n, the so-called
subshells are degenerate.
Secondly, according to Born’s interpretation, the wavefunction squared gives the probability of
finding the particle at that point. We can introduce a so called radial distribution function, that
gives the probability of finding the electron at a shell r distance apart. This is the integral over
that shell of the wavefunction squared.

Z 2π Z π

RDF =
0

R2 (r)Y r (θ , φ )r2 dθ dφ = R2 (r)r2

(2.15)

0

10. Finally, let me remind that the actual state of the system is the normalized linear combination
of the eigenstates. Each of these state has an expectation value for its observables, which can be
given using the previously given formula, as a function of the state and the eigenvalues of the
eigenstates. We can give the solutions as vectors in the Hilbert space and than they look a bit
better and the normalization is easier to compute, what’s more it becomes obvious, that they are
orthogonal (their integral over the whole space is 0) - but apart from that, this overall picture is
important. This quantum-mechanical picture is the best we can give, but its appreciable, that it
can account for every experimental result (c.w. named series).
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Intuition behind orbital approximation

For many electron atoms, due to the electron-electron repulsion terms appearing in the potential, we can’t solve the TISE analytically, although the eigenstates do exist (each describing the
whole system).
Only the qualitative aspects of the following topic are of interest for us, but this field is dealt
with a bit obscurely in the introductory tests, although quite clear methods exist to tackle this
problem.
Before obtaining them, one inherent principle of nature, however, must be mentioned: measurements suggests that electrons have not just an orbital angular moment, resulting from their
orbiting around the nucleus but a spin angular moment as well, which is independent of their
orbiting, it is in their nature. These angular moments are apparent as they confer magnetic moments to the atoms, electrons, which can be measured. The spin angular moment of the electron
1
is quantized as well, and we use the spin quantum number to refer to its to ( , − 12 ) states. The
2
Pauli exclusion principle states that two separate particles can not exist with all four of their
quantum numbers the same. This is not in the axioms of quantum mechanics - seems however
to apply in nature. Now to the atoms.
One widely applied strategy is as follows, which can easily be generalized, as later discussed
for molecules. We assume the electrons are non-relativistic (no-relativistic factors appear in the
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Hamiltonian’s momentum operator). We also use the Born-Oppenheimer approximation: because there is a large mass difference between the electron and the proton, we are justified to
write Ψ = χ(electrons)φ (nuclei). By this we mean, that χ is found as solutions to the TISE for
fixed nuclei, i.e. the Hamiltonian does not contain terms for nuclear motion (vibration, translational, rotational), written as: He χ = Ee χ. Doing this for multiple nuclear compositions, we
get Ee (R). Now we then use this to get the nuclear dependent part, solution to the following
equation: [Tn + Ee (R]
phi = Eφ , where E is the total energy of the system. Multiplying the two solutions, we obtain
the approximate wavefunction solutions - this method works for molecules up to medium size,
quite well.
Now for multielectron atoms, this reduces to solving the first equation, which is done by the
Hartree-Fock (or its improved) methods. Once we used the BO approximation (i.e. nuclei are
fixed), its principle is as follows: it can be anticipated that a multiparticle (N) wavefunction
(because once we know the solutions, the electron-electron repulsion terms can easily be computed, thus we will have n 1-particle instead 1 n-particle problem) can be written in terms of the
Slater determinant as a function of individual coordinates using 1 particle wavefunctions (spincharacterized orbitals = two are distinct if differ only in the spin of the occupying electron):
1
Ψ(r1 , r2 ...rN ) = √
N!

χ1 (r1 )
..
.

. . . χN (r1 )
..
..
.
.
χ1 (rN ) . . . χN (rN )

(2.16)

All nice and good, we just have to find which single state wavefunctions to use (to ”fill”). A
more detailed reasoning is found in the bonding chapter, but the reasoning is as follows: if we
give a set of ”starting orbital” = ”atomic orbitals”, we can construct the 1 electron wavefunctions as a linear combinations of these. To get the collection of coefficients describing every new
orbital (the atomic orbitals interact) when the energy of the Slater wavefunction is minimal, we
first have to give a guess and then solving an equation, we can find the actual set of coefficients
(the equation FC = SCE arises by saying: find the coefficients for a given wavefunction that
minimize the energy of the 1-electron wavefunction while the other orbitals are unchanged with
their coefficients) simultaneously for that set of initial orbitals. Follows, that from n atomic orbital, we get n new orbitals back. We say, that two atomic orbital has interacted, if the presence
of one influenced, made an influence on the coefficient set of the other. If for every orbital, this
new, energy minimizing coefficient set is found, we compute the total energy of the system (see
Figure). We keep interacting the orbitals, until the energy converges to a value. It is worthwhile
noting, that if the overlap integral, S (see later in bonding), is 0 between two orbitals, they will
not interact - as we see from the above equation. Also worth pointing out, as it has importance
in our qualitative pictures, that the energy of the Hartree-Fock determinant is a sum over the
orbitals, but each sum containing three terms: 1. the energy of the given spin-orbital (we tend
to call only the sum of these the total energy - but the other two terms are crucial as well) 2.
the Coulomb integral, which gives the energy of the repulsion coming from the other electrons,
this can be accepted 3. the exchange integral K - this has no classical analogue but arises in the
energy expression nevertheless, and provides a stabilization for each parallel-spin interactions,
and thus can account for e.g. the trends observed in the ionization energies (later).
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If we have k¡n electrons, we populate each new orbital with these, in order of increasing energy.
This latter statement is not an axiom - it, as we will see, simply is a consequence of statistics
(see Fermi-Dirac distribution). On QM level, we have no reason (where is it in the axioms I have
mentioned or in the SE equation?) to assume, that one orbital is more likely filled than the other.
But from simple statistical arguments, we will see, that unless the temperature is approaches
infinity, the lowest energy states will be occupied.
Now only the question remains: which starting set to use? In multi-electron atoms, our best
guess are the atomic orbitals (or?). But which? (which orbitals are filled - the always asked
question) Those, which when this iteration is applied, yield the lowest energy final state (described with the final orbitals). E.g. for the simple case of lithium, we have 1s(u), 1s(d), 2s(u),
2s(d) and so on, but we have to pick the three that yield the lowest energies. From instinct,
this will either be 1s(u)1s(d)2s(u) or 1s(u)1s(d)2s(d). Calculations can determine, which will
converge to lower energy. The term, filling of an orbital, from now on simply refers to choosing
that orbital as starting point for the iteration. This can explain e.g. why the 4s is ”filled” before
3d - the calculations predict that including the 4s instead of from the 3d to the starting set, yield
total energy. There are peculiarities - e.g. Cr or Cu group. These should be viewed as: this given
electron configuration yields the lowest overall expected energy and therefore this is observed in
most of the cases - a consequence of the second law actually (the minimization of energy is not,
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but that of entropy).
For molecules, we use the so called Linear Combination of Atomic Orbitals to find the best
starting guesses, more on this later. Now there are some drawbacks of this method, one pretty
obvious that for even 79 electrons, i.e. gold, we have a 79x79 matrix - whose determinant is
product of 79! term - i.e. huge, even for Laplacian method to solve. In these cases, one solutions
is to absorb the core electrons into the core Hamiltonian, and solve only for the outer electrons.
Nonetheless, the resulting view is important: what describes a system is the wavefunction having a certain energy (expected value of the Hamiltonian operator). We can get a good approximation of this by iteratively modifying a starting guess set orbitals, under assumption that
we can treat electrons as occupying single-particle orbitals. How this results in atoms, i.e. how
this affects the atomic orbitals of hydrogen, is subject to the next section.

2.2.3

Structure of multi-electron atoms

Now what can we tell about the results of the iteration, i.e. how much do the exactly obtained
and described hydrogen atomic orbitals change?
1. their angular part, i.e. their symmetry is completely retained
2. their radial part changes - the orbitals generally contract, in accordance with the increased
nuclear charge.
GRAPH - H ORBITAL AND HIGHER Z SAME ORBITAL AND RDF 3. the degeneracy of
the same shell orbitals ceases to exist. We generally say that the same subshell orbitals remain
degenerate, whereas e.g. the s-p will differ in energy. This allows us to interpret the situation
quantitatively by the introduction of the effective nuclear charge, defined as:

E=

RZe2f f
n2

(2.17)

This purely is an empiric quantity, which incorporates the effects of other electrons decreasing
the potential energy of the electron in a given orbital, also called shielding. Experiments and
calculations imply that:
s orbitals shield better than p orbitals. This is attributed to them being more close to the nucleus,
compare e.g. the RDF-s, and the fact that they take non-zero value at the origin. We can also call
this effect as s orbitals penetrate better than p, therefore shield better. Similarly, p shield better
than d, and f barely shields anything. Important to note, that shielding refers always to A shields
B, whereas penetration is the characteristic of the orbital, A.
also, electrons put into higher, further apart lying shells will shield the inner lying shells less
efficiently, considerably (the
r penetration is worse, they are barely present at the closest orbitals distances). conversely, further inner lying electrons will shield the outer lying electrons nearly completely.
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These observations have far reaching consequences, and are quantitatively - to an extent - described by Slater’s rules, saying that:
Ze f f = Z − S

(2.18)

where S, the shielding is additive, sum of the following terms: 0.35 for every same group electron, except for first group, there 0.3. If s or p orbital, 0.85 from each n-1, 1 from n-2 or lower
electrons. For d, f, every lower lying electron gives 1 shielding, thus shield properly. Obviously,
this fails to distinguish between s-p penetration, however big of importance that is for molecular
orbital formations.
But, characteristic behaviour of the higher period group 13, 14 elements have special behaviour
due to the different shielding: less increase in size, but further lying s-p orbitals thus unprone to
hybridization, called the inert pair effect, thus forming lower oxidation state compounds. This
is due to the fact that upon filling the d subshell, they shield the oncoming p only incompletely
- e.g. Ga, Pb, Sn will feel a large nuclear charge increase (d-block contraction).
We should note, that as follows both from the Bohr and from the QM atom model, size of the orbitals is inversely proportional to the experienced nuclear charge, thus increase in nuclear charge
will generally, as expected contract the atoms.
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Chapter 3

Formation of compounds
Describing individual atoms is quite straightforward using hydrogen-like orbitals - we have only
a nucleus and some electrons. However, it occurred that - probably due to gravity and electrostatic interactions - atoms came close enough to each other so that they couldn’t be described
any more as individual atoms. They formed different types of aggregates, the formation of each
of which on the deepest level is guided by the time dependent SE. This resulted in atoms being
locked near to each other, at a local minimum of their energy (free enthalpy), yielding molecules,
metals, ionic lattices etc. We refer to this as they are bound. To describe bonding, two different methods, each with mathematical basis and rigour have been developed. The valence bond
theory and the molecular orbital theory. None of them gives the perfect picture, but they can
complement each other.
Now a multitude of methods (e.g. modern valence bond theory based on Coulson-Fisher theory)
exist that combine the two, they however, are mathematically too complicated to be dealt with
here quantitatively, although their qualitative picture is important e.g. in describing unsaturated
compounds.
The most important observation is the bonding curve, that needs explanation. How is it, that as
two atoms are approach each other, the energy of their system decreases to a point and then starts
increasing? (the minimum is called the equilibrium bond length). We can treat this question as
optimizing the electron wavefunction of the BO approximation, for every distance. But how can
we obtain it?

3.1
3.1.1

Valence bond theory
Valence bond fundamentals

According to the valence bond theory, the molecule is composed of localised, 2 electron bonds
which form from the interaction of half-filled atomic orbitals.
37
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To describe these mathematically, 2 electron wavefunctions (i.e. wavefunctions, which are occupied by opposite spin electron pairs) are constructed. The initial guess for the wavefunction
A (r )ψ B (r ), a product, as at large distances, the electron-electron interactions can be
is Ψ = ψ1s
1
1s 2
neglected (formal logic implies this as well). As, however, the distance approaches the equilibrium distance (remember, where the Ee (R) is minimum), these interactions become important
but we assume that the electrons are indistinguishable, implying that upon electron exchange,
the wavefunction should physically remain the same, i.e. its mod -square should not change.
Therefore an extra term has to appear (this is the intuition behind Slater’s determinant as well):
A (r )ψ B (r )±ψ A (r )ψ B (r ) However, Pauli exclusion principle imply that this waveΨcov = ψ1s
1
1s 2
1s 2
1s 1
function should be antisymmetric - i.e. yield Ψ(r2 , r1 , s2 , s1 ) = −Ψ(r1 , r2 , s1 , s2 ) and therefore 0
if the coordinates and spins are the same.
To satisfy this conditions, a spin-wavefunction has to be added as well, to yield finally that:
A (r )ψ B (r ) ± ψ A (r )ψ B (r )][ψ (s )ψ
Ψcov = [ψ1s
1
up 1
down (s2 ) ∓ ψup (s2 )ψdown (s1 )]. We can inter1s 2
1s 2
1s 1
pret this, as the wavefunction being the linear combination of the electrons occupying a given
atomic orbital with a given spin.
Thus, we obtained two wavefunctions - it can be proved, that the −+ is antibonding, i.e. has
higher energy, a reason being that it has an node between the two atoms (prove this by letting
both coordinates lye in the midplane and realizing that then the wavefunctions are the same),
whereas the other is bonding, has has decreased energy (comparing to the sum of individual
wavefunctions) - see this by evaluating the energy directly (better, let a computer do it...).
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Now it turns out, that this simplistic approach gives energies and bond lengths a bit off. Reason
being, that this assumes the electrons to be shared equally between the atoms both in bonding and nonbonding orbital - even in the case of different atoms. It was found, that writing
the wavefunction as /PsiV B = c1 /Psicov + c2 /Psiionic (A) + c2 /Psiionic (B), i.e. as linear combination of covalent bond (as before) and the two ionic bonds, i.e. when both electrons are
on one atom (A, B respectively), improves the predictions. To obtain the ionic terms, just
replace one of the atomic orbitals with the other in the covalent term to get: Ψionic (A) =
A (r )ψ A (r ) ± ψ A (r )ψ A (r )][ψ (s )ψ
[ψ1s
1
up 1
down (s2 ) ∓ ψup (s2 )ψdown (s1 )].
1s 2
1s 2
1s 1
This has greatly improved the predictions. According to this view, the actual bond is the linear
combination of the covalent structure (assuming equal share of electrons) and the ionic ones
(see resonance structures, later). Just on a side note, even better predictions are obtained by
modern valence bond theory, which instead of combining the atomic orbitals, combines a linear
combination of them, i.e. ”majority A + small B” + ”small A + majority B”. This automatically
accounts for the ionic terms, and only the coefficient, i.e. the ratio of A and B in the combined
orbitals, have to be optimized (compared with the 3 coefficients in the valence bond) - CoulsonFisher theory.
Generally, the basis ofR optimization is the energy of the bond, calculated using as before,
b
ΨHΨdτ
b
exp(E) = hΨ|H|Ψi
= VR 2
for the new wavefunctions energy and using the atomic orbital
V

Ψ dτ

energies to calculate bond dissociation energy (big advantage that this can be done, compared to
MO approach) and the equilibrium radius (see BO approximation).
Interestingly, creating polynomials from the two atomic orbitals, and combining them similarly,
yield even better, near complete match. Now which orbitals can and should be combined this
way and how do the resulting orbitals (we populate the bonding ones - each orbital can be populated by 2 electrons) look like physically?
The former is an easier question: if we combine 2 s orbital or an s and a p orbital, or an s and a d
orbital, or two coaxial p orbitals, we get so called sigma orbitals. This refers to their symmetry:
they have an axis of rotation, around which are symmetrical and which connects the two nuclei.
In the bonding orbital, the electron density is concentrated between the two nuclei, along the
axis, in the antibonding, there is a nodal plane perpendicular to the axis, between the nuclei.
If we combine 2 parallel p orbitals, we get orbitals of π symmetry - i.e. they have a symmetry
plane (therefore, nodal plane), including the two nuclei. The electron density is concentrated
below and above this plane, between the two nuclei if bonding, and with a nodal plane between
them if antibonding. Combination of 2 d orbitals yield so called delta orbitals.
We can further introduce the symmetry labels, u and g, referring to ungerade and gerade, i.e.
odd and even wavefunctions, respectively. One wavefunction is considered u, if the wavefunction changes sign ”on the very opposite side” of the molecule, more rigorously, if the center of
bond both vertically and horizontally is defined as origin, then Ψtot (r1 ) = −Ψtot (−r1 ). In case
of bonds in diatomics, hydrogen, fluorine, these can be introduced - but care must be taken when
polar bonds are treated - they are not symmetric, thus no such symmetry labels can be assigned
to the orbitals.
Now where to develop valence bonds - obviously, we can not create valence bonds if the two
orbitals have wrong symmetry, i.e. their overlap integral is 0 i.e. they are orthogonal, equivalently, their product cancels (this will be explained later, the overlap integral is the integral of
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their product over all space). Generally, the picture allows formation of bonds between nonnearby lying atoms if have right symmetry orbitals. E.g. in benzene, where the atoms are sp2
hybridized (in a second), p orbitals could interact, we could write up 15 interactions (to create a
complete graph, try it). However, it can be shown, that not all of these are meaningful. Rumers
rule give the interactions that must be taken into account:
1. put the orbitals around an imaginary circle, even if the molecule is not a ring. 2. generate all
possible VB structures - i.e. 2 orbital bonds 3. exclude the ones where they have to cross.
This is found to work, therefore, certainly, a QM intuition behind it can be found. Important
feature of the VB approach is that it leaves the non-bonding pairs unchanged - this clearly, is not
the case, they are different. Nonetheless, VB is practical - even more, because if the so-called
hybrid orbitals are introduced, it can easily explain (without tedious PE surfaces) the molecular
shapes.

3.1.2

Hybrid orbitals

Now VB picture fails utterly for multiatom molecules in describing their geometry - usually. If
we think back, follow back our steps, reach the conclusion, that our starting point, i.e. combining
only the s orbitals must have been wrong. True, they are solutions of wavefunctions on atoms but given the linearity of the SE equation, we know that the general solution is actually the linear
combination of the wavefunctions. Now thus we are justified to combine orbitals of the form:
ψ = ∑i ci φi , i.e. linear combinations of atomic orbitals φ .
One way to obtain the coefficients is to adjust them according to the shape that we observe.
The logic is important - we see a structure, and therefore, we say that it must be - in order
for us to describe it properly - must be in a certain hybridization. There are three common
hybridizations - sp, sp2 and sp3, referring to us hybridizing these orbitals respectively. The
coefficients are determined in each case from the condition of orthogonality (they don’t interact
with each other, important in VB formulation
- all
q
q are orthogonal)
q
q and
q formation
qatomic
q orbitals

and normalization to obtain ( √13 , − 23 ), ( 13 , 16 , 12 ) and ( 13 , 16 , − 12 ), respectively in
the case of sp2.
However, for this - i.e. for these orbitals to be solutions - we have to excite the atoms initially,
to populate these orbitals with electrons - see atomic orbitals section. This requires energy - an
input, that has to be balanced out by the energy gain from bond formation. This can happen if
there is small difference between the ground state and the empty, to be excited to orbitals, i.e.
2s 2p, 3s 3p. Although theoretically possible, exciting electrons from s to d orbitals, for larger
periods, would require large energy input. sp3d and sp3d2 hybridizations can account for the
VSEPR predicted structures (see in a minute) but so can sp2 and sp - therefore is usually better
to use these latter. It is important, that in the valence bond description of the bond, the functions
combined on the same atom must be orthogonal, this justifies the separate bond concepts (and
makes the calculations harder). Therefore, the so called - not completely sp3, sp2 characters
are not justified, only if the MO picture (later) is used, which uses the same principle of linear
combination, but does not require orthogonality.
The energy of a hybrid orbital, as can be calculated, is intermediate between the s and p orbitals,
generally the more s character, the closer to s. This will be important in acidity and generally
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the MO theory.
This valence bond picture of bonding (correct, but gets complicated, and therefore less preferred
over MO picture in the last decades), accompanied by the hybrid orbitals, which naturally fit into
it, are quite successful in rationalising the structures predicted by VSEPR theory for molecules
and provides the mathematical background for using the so called Lewis structures, as described
in the next chapter.

3.1.3

VSEPR and its justification by valence bond theory

Independently of the QM approach, to predict the structure of the molecules, the Valence Shell
Electron Pair Repulsion theory was developed. It can predict the orientation of ligands (X) and
electron pairs (E) around a central atom (A). The assumptions: each bond is 2 center 2 electron
bond, and the electrons repel each other. Therefore, to minimize energy, the ligands and electron
pairs are situated as far from each other as possible around the central atom. It argues, that the
greatest repulsion is between the lone pairs - as are the most spread out because are situated only
in 1 atoms potential, then between lone-pairs and bonding pairs, than bp-bp. For similar reason,
the double, triple bonds have greater space need. And the more EN the atom is, the less space
it needs around the central atom - this is attributed to it polarizing the bond stronger, and thus
withdrawing electrons from the central atom, reducing repulsion there (the consequence is right,
but this argument is not).
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An ideal method, thus to predict the structure is to: count the valence electrons of the central
atom. Then calculate the bonds it forms and thus the number of valence electrons involved in
bonding and the number of ligands (X) . Then by subtraction, obtain the number of lone pairs
(E), giving N. Add together X and E, and thus deduce the structure according to the following:
1. N=1 - linear.
2. N=2 - linear.
3. N=3 - trigonal planar, with symmetric bond angle 120◦ . If E = 1, V shape.
4. N=4 - tetrahedral, with symmetric bond angle 109.5◦ . If E = 1, trigonal pyramidal, if E = 2,
then V shape.
5. N=5 - in this case no symmetric structure exists. The best possible structure is the trigonal
bypiramidal, where we have axial and equatorial, different positions. If E =1, we get a see-saw
shape. If E = 2, we get a T-shape. If E = 3, then a linear structure.
6. N=6 - in this case, the symmetric structure is the octahedral, or tetragonal bipyramidal, with
all the ligands in equivalent positions. E=1 yields an umbrella, E = 2 a square planar structure.
Now there are some important points to consider. For N larger than 4, multiple structures exist,
which can be similar in energy. For N = 5, for example, even thermal motion can lead to a
rotation into a square-pyramidal structure with one axial substitution. Prismatic structures are
common for higher N-s.
Consequently, for the N =5 case, for example, if the temperature is high enough, a conformational equilibrium exist. In the so-called Berry rotation, the axial substituents can rotate into an
equatorial, the equatorial into an axial position. This is obvious from the NMR spectrum (later),
where at low temperatures, the axial and equatorial substituents appear as different (different
coupling constants to them), and at higher temperature, due to the averaging out effect of interconversion, they appear as one (slightly different) substituent.
Also, deviations from the bond angles can be explained, according to VSEPR with the assumptions, the different steric needs of the lone pairs and the bonds. Lastly, VSEPR predicts, that
the most electronegative substituent should go to axial positions - e.g. in N =5 case, fluorine is
always there - because it can stabilize its electrons best there. This reasoning is wrong, but the
observation is right.
VSEPR has nothing to do with QM. But it is good, that a nearly similar result follows from the
valence bond theory, or at least, it can explain the different structures. The key is, the proper hybridization of the central atom. In linear cases, we can explain it by sp (two p orbitals remaining
perpendicular to each other), in trigonal, by sp2 (one p orbital protruding on both side remains)
and for tetrahedral case by sp3 hybridization. By predict, I mean that proper orthogonalization
and normalization yield exactly the same shaped, oriented hybrid orbitals.
Valence bonding correctly explains the properties of the N=5 or larger structures. Here, an observation, that the valence picture fails to explain, is the difference in bond lengths - generally,
the equatorial bonds are shorter, i.e. stronger, the axials are longer in the N =5 case. Here, the
VSEPR reasoning would, if anything, predict the opposite - as the axial position is occupied by
the more electronegative atoms (observation) it should yield a stronger bond. The proper explanation comes from the VB treatment of this case: the central atom is sp2 (N=5) and sp (N=6)
hybridized - the d orbitals are very rarely involved in hybridization due to the larger difference
in valence s, p and d orbitals. This immediately explains, why: the equatorial bond is shorter in
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N = 5 - there, the hybrid orbitals, form the bond - they are lower in energy, thus the bond formed
is stronger (actually, to see this involves MO treatment as well). It can account for no lone pair
appearing in axial positions - there, the p orbital can’t contain it, if the structure is to remain
trigonal bypiramidal (for the higher energy structure, it could). It also, explains the length differences in the N = 6 case of the bonds, attributed to same reasons. Also, this sp2 hybridization
treatment will be useful for sn2 reactions.

3.1.4

Lewis-structures and their justification by valence bond theory

An important way to depict the bonds and bonding in general in a molecule is by the use of
Lewis structures. They can be constructed following simple rules, and similarly to VSEPR, the
result can be rationalized by the valence bond theory.
Our method to follow:
1. count all the valence electrons, i.e. those which are involved in bonding, N
2. draw the skeleton of our molecule, with single bonds
3. calculate the number of electrons involved in this skeleton, K, and subtract it from the total
number to yield R = N - K
4. divide R by two, to get the number of electron pairs present. If N is an odd number, one
electron will remain, we have a radical. If the structure bears a charge, add it (negative charge)
or subtract it (positive charge) to/from R.
5. now, place these electron pairs to first: complement the ligands, not the central atom, then, if
the octet is not reached on the central atom, complement it as well. 6. by moving lone pairs to
between atoms, if the central atom has less then octet electrons, create single or double bonds.
In cases, multiple Lewis structures can be written up, e.g. carbonate, sulphate etc. ions.
7. In each structure, calculate the number of electrons associated to one atom - count 1 for each
lone-pair electron and one for each bond - i.e. associate half of the bonding electrons to one
atom, half to the other, independently of the constituent atoms. Calculate the formal charge of
the atom, using the formula: formal charge = number of electrons around atom - number of
valence electrons of the given atom. Denote this, with ⊕ and next to an atom. This is strictly
different from actual charge, and even from partial charge.
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Now the rationale behind Lewis-structures is as follows: in the VB picture of bonding, we saw
that none of the bonds can be treated as simple covalent bonds - each have an ionic contribution
to them. We either include this at the start, by combining mixed atomic orbitals, or by addition of ionic structures. The similar logic holds every single bond, i.e. for double, triple bonds.
Therefore, the actual bond is the superposition of the ionic and covalent structures. Now we
can call these structures resonance structures - and voilá, if the whole molecule is viewed, the
correspond to the possible Lewis structures that we can write up for a molecule. Therefore, we
can say, that the actual molecule is the superposition of its Lewis structures (if we allow to break
single bonds as well - and we should, actually). The weight, i.e. the coefficient of each structure
is obtained by ab initio optimalizations, to minimize the energy of the overall wavefunction.
But a very important remark - a single Lewis structure, thus can’t represent the molecule. We can
either represent the molecule by a complete set of its resonant/Lewis structures, or use molecular
orbitals. And Lewis structures involve breaking of single bonds as well - only, that in most case,
the coefficients of these structures is smaller, but do exist. Otherwise, Lewis structures couldn’t
explain bond polarity, and thus bond strength difference, because a single covalent VB assumes
equal sharing of electrons.
This in turn, leads us to two things. First, we can define the bond order: the average number
of electrons in the bond, divided by 2. Thus, we can say that there, the bond order is 43 for
carbonate. Important, here we neglect the ionic structures, and put equal weight on every other
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Lewis-structure (which is justified by symmetry).
Second, we can simply explain multivalent and electron deficient compounds as well. The assumption remains, as theoretically justified, that we combine only filled atomic orbitals. In
hypervalent compounds, they have more than 8 electrons at the end. This is explained by the
involvement of either the d-orbitals or the hybrid orbitals in the bonding, to create the sufficient
number of half-filled initial orbitals.
For electron deficient compounds, where we have less then octet electrons at the end, e.g. boron
compounds, extra bond can be formed (which is a driving force - if there is place, it can only
increase stability) either by the ligands lone-pair populating the pi-bond (e.g. BF3 ), or in by
dimerization in BH3, or by adduct formation with other compounds. MO theory can explain
nicely the tendency of lone-pair donating resonant structure formation (BF3 is the most prone).
Lastly, it also follows, that for the second and firs period elements, the maximum number of
electrons they have in valency can’t exceed the 8 under normal conditions. Reason being, that
the d orbitals (N, O, F) lye high in energy, the hybridization costs energy which is not balanced
by the bond formation, similarly to the second shell for H. The structure of B2H6 - and generally the protonated double bonds as well - can thus be represented by structures involving single
bonds, and no bonds. This results in a bond order less than 1, but greater than 0 (because the
structure with a B-H bond has a positive weight) - and longer bonds in the middle consequently
- measurements confirm these predictions.

3.2

Molecular orbital theory

Molecular orbital theory is a parallel approach to valence bonding - both striving to account for
the formation of bound state in multiatom structures. It is easier computationally, and therefore
was preferred in the recent decades.

3.2.1

Molecular orbital theory fundamentals

The principle of the application of the molecular orbital method to describe multiatom stuctures
is way easier, than that of the valence bonds. MO theory says: assume the BO approximation,
and then look for the electron wavefunctions for every fixed nucleus arrangement. The case is
very similar to that of the multielectron atoms - as introduction of multiple nuclei doesn’t make
it computationally harder (only the electron-electron repulsion is tricky), we can apply the same
method to get the wavefunctions of the whole atom arrangement.
In other words, we write the wavefunction as the Slater determinant, then we look for the oneparticle wavefunctions which minimize the energy of the wavefunction obtained by the Slater
determinant expression. This minimization problem can be written up in terms of Lagrangian,
using the constraint that if we started with an orthonormal base (e.g. the atomic orbitals of hydrogen), we should obtain an orthonormal base. This leads us to the Hartree-Fock equation.
From this follows, that it can be rewritten as the Fock operator acting on its eigenvector wavefunctions, being the one-electron orbitals. The form of the Fock operator follows naturally, and
it includes the mean-field Coulomb term, i.e. this derivation implies that the electrons feel each
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others average repulsion and the exchange operator. Here, the eigenvalue gives the energy of the
individual orbitals.
Here, the deep lying challenge is, that this equation is difficult, can only be solved by guissing
a set of solutions and using that to refine it iteratively. The good idea to tackle this was, that
instead of this, come up with a set of basis functions and express the guess solution as a linear
combination of these, i.e. guess a set of coefficients as well. Now, as we have expressed every
solution as a linear combination of the so-called basis set elements, inserting it to our equation
will yield us a better set of coefficients for the given basis set and so on, until the coefficients
converge. Then, using the basis, we can express the final wavefunctions and their energies.

A very important feature, that it indeed needs a starting set of orbitals and therefore can be
solved only iteratively, each step taking a set of functions, yielding an other set with corresponding eigenvalues equivalent to function energies and a total energy. This method is self-consistent
- within a choice of starting basis set, it will converge to an minimal energy. Therefore, choice
of the right basis is crucial. I think it is fascinating, that simply from Slater determinant expression, and the condition that the one-electron wavefunctions should minimize the overall energy,
knowing the Hamiltonian (from BO approximation), we can obtain a self-consistent minimum
energy and orbitals.
From the method follows, that our Fock matrix will have the same dimensions as the number of
orbitals we started out with, and therefore, we will get the same number of molecular orbitals,
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each of them with an energy. This, at the end, will be depicted on the molecular orbital diagrams.
The goal always is to reproduce the measurements - i.e. yield the desired energy within rational
computational time. Therefore, the hydrogen-atomic orbitals have now been replaced either by
Slater-type orbitals or Gaussian-type orbitals, which both retain the exponential decay property.
The practical benefits of the actual atomic orbitals are, that their Coulomb integral, i.e. Coulomb
operator and the Exchange operator can be determined from experimental measurements of ionization energy and electron affinity.
Using a qualitative picture of this Hartree-Fock method will be from now on used to describe
the bonding in various compounds according to MO theory. Here, the important point to note is,
that even though 2 orbitals are present in the basis set, they will influence each other if and only
if their term in the S matrix is not 0, i.e. their overlap integral is not 0, i.e. they have the right
symmetry. Also, for an efficient interaction, the orbitals should be close in energy.
Three definitions are often introduced as well: we can call the lowest orbital, that is not occupied,
the LUMO (lowest unoccupied molecular orbital) and the highest, occupied orbital the HOMO
(highest occupied MO). These two together are the frontier orbitals. These play a crucial role in
reactions - as will be discuss - the lower on compound has its LUMO and the higher its HOMO,
the better electrophile and nucleophile will it be, respectively.

3.2.2

Homo- and heteronuclear diatomics

Now to reiterate: according to MO theory, if we are experienced enough to come up with a basis
set from which to construct and can give a guess for initial coefficients, we can find one-electron
wavefunctions and their eigenenergies, from which we can construct the wavefunction for the
multiatom structure (molecule, ion, etc.). The Hartree-Fock method ensures, that the 1electron
wavefunctions found will yield the lowest possible energy, for a given basis.
In building up these one electron wavefunctions (given by their coefficients for the basis), we
start out with N function and end up with N function. However, only the functions of the right
symmetry, i.e. overlap integral not 0 interact, contribute to the same new wavefunctions (if K
of a given symmetry, therefore, they yield K new wavefunction). The degree of interaction is
determined by their relative energies: the closer they are in energy, the better the interaction.
Resulting from these interactions of the right symmetry orbitals, of course, the energies of some
orbitals will be lower than the lowest starting, and some higher than the highest starting orbital,
some will be intermediate. The exact shape, form of these orbitals are determined by the coefficients, obtained from the equation. Generally, follows that the lower the lowest interacting
orbital is in energy compared to the others, the larger coefficient the it will have in the lowest
energy one of the new wavefunctions, and similarly, the higher the highest, the higher will its
coefficient be in the highest energy one. Not intuitive, but in case of two orbitals interacting
(which mostly is the case if we approximate), it can be shown that increase in the higher orbitals
energy is larger than the decrease of the lower - compared to the basis. Qualitatively, we can’t
say more - there will be intermediate orbitals as well, of the appropriate number.
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Now these - from the mathematical formulation, obvious - principles can be used to construct
the MO diagram for diatomics. On MO diagram, we represent the starting orbitals (in our case,
proper atomic orbitals of the atoms) and the result, their linear combinations with calculated
coefficients in the middle. After we have obtained the orbitals, we only have to populate them
with electrons, for a ground state, following Hund’s rule (which has its basis in the naturally
appearing exchange term). It is important, that the orbital - as opposed to VB theory - does not
have to be filled to be included in the basis - why would it?
Start from H2 . Initially, take the 2 1s orbitals as basis. They have the same energy, and their
linear combination yield two orbitals, one lower, one higher in energy. Now if only these orbitals
are combined, we know the shape of the resulting orbital from the VB treatment - it will be a
? . We call the orbital with lower energy
sigma symmetry orbitals. We denote them σ1s and σ1s
than the starting ones (and shape as above in VB), the bonding orbital, the higher energy one
the antibonding orbital. We observe their symmetry, and tell that the bonding one is gerade,
the antibonding is ungerade. We have two electrons, and as according to Pauli’s principle, two
electrons with opposite spins can both have the same orbital, we put the both into the bonding
orbital.
Now I have just mentioned, that there is no reason to skip the other orbitals - so the 2s, properly
directed 2p, 3s etc could have been used as well - but being far away from energy, in case of H2 ,
their effect is negligible. We can evaluate the bond order here as well according to the definition:
bond order = electronsinbondingorbital−electronsinnonbondingorbital
, thus in our case, the bond order is 1.
numbero f bondcentres
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We can proceed similary, for hydrogen ion, hydride ion or helium and its cation molecules. The
2 (σ ? )1 and for the molecule He ,
latter, for example, will have the electronic configuration: σ1s
2
1s
2
?
2
we have σ1s (σ1s ) . Although, we are not at all justified to calculate the energy of the wavefunction as the sum of individual orbital energies (why would we?), we still can say, that the former
structure is stable, whereas the latter is not, the reason being that the antibonding orbital is more
destabilizing than the bonding is bonding (and the interactions with other formed orbitals are
negligible).
It is important to note, however, that as in the Helium, the atomic orbitals are lower in energy
(higher effective nuclear charge, same n), the energies of the resulting orbitals will lye lower
than the H MO orbitals as well.
In the second period, apart from the 1s, we have the 2s and 2p orbitals to combine as well, as
the extra electrons will populate the resulting orbitals. Of the right same symmetry are the 1s,
the 2s and the 2pz orbitals, if we define the z axis as the one connecting the nuclei. The 2py
and 2px orbitals have 0 overlap both with the other and the s-s. So the 1s, 2s, 2pz will form 6
new orbitals. The lowest ones will be the result, as above argued, mainly from the combination
of the 1s orbitals. Similarly, if we argue that the 2s orbitals are considerably lower in energy
(see penetration - they are on average closer to the nucleus) than the p orbitals, we expect that
they combine mainly independently of those p. And similarly, the p-s then combine independently. Their common symmetry implies, that they all will form sigma shaped orbitals, denoted
? , σ , σ ? , σ , σ ? , respectively. Now this approximation of independent combination
as σ1s , σ1s
2s 2s 2p 2p
is the better, the larger of an energy difference is to be found between the s and p orbitals. We
know, that this difference increases with the effective nuclear charge. So this approximation,
and our guess for the orbital arrangement is valid for oxygen, fluorine, neon. Then, it is straightforward to combine the other two p orbitals - to form two-two orbitals, with same energies only
differing orientation. Due to their symmetry, we denote them π orbitals.
Generally, as π orbitals does not have electron density in the axis connecting the nuclei, we
expect them to be less strongly bonding, and therefore less strongly antibonding as well (if only
they combine, they will increase the same as decrease), and therefore, for oxygen, the MO pic? )2 (σ )2 (σ ? )2 (σ )2 (π )2 (π )2 (π ? )1 (π ? )1 , after application of the Hund’s
ture is: (σ1s )2 (σ1s
2s
2p
px
py
px
px
2s
rule (lowest first filled).
Note the unpaired electrons. The bond order in this case is calculated in the similar manner, and
yields 2. The π bonding orbital is - in contrast to the σ ungerade, the antibonding is gerade.
Now for nitrogen, carbon, boron, beryllium, lithium, the energy difference between the s and
p orbitals are not that large. Therefore, the resulting sigma and pi bonding orbitals and antibonding ones will lye closer to each other, thus can further combine/mix. Mathematically we
have created a set of new orbitals - but until they can, ones with the right symmetry will still
further interact (further iterations cause change) - and because they are close in energy, they can
in these cases. They are close, because the starting ones were close. Now the result is: the σ2s
can mix with σ2p (both even) resulting in the decrease in energy of the former, and increase of
? can mix with σ ? , with a similar result: the
the latter. This is very significant. Also, the σ2s
2p
lower decreases, the higher increases.
This s-p mixing has several effects: we can no longer denote them as orbitals stemming from
two atomic orbitals, therefore, the simpler notation 2σ , etc. have to be introduced. Also, for
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N and before, thus the 2σ will be higher than the π bonding orbitals. Lastly, this allows the
existence of a beryllium molecule, in contrast to the helium. He covalent (van der Waals exist)
diatomic doesn’t exist because the inherent stronger destabilization than bonding. In Be2 , both
? are filled, so for similar reason, we don’t expect it to exist. However, sp
the σ2s and the σ2s
mixing causes the 2σ to lye considerably lower than the σ2s , enough for a stabilization.
Here, again, I have used that the orbital energies can be summed up - quantitatively, this is not
the case, but qualitatively, yield the right result. We can now create MO diagrams for all the 2nd
period diatomics. One important property, the paramagnetism is explained by MO theory. A
compound is paramagnetic, if it has unpaired electron, due to the electron - and diamagnetic if it
does not. Compare oxygen and nitrogen - MOs predictions agree with the experiments. An other
important consequence or prediction of the MO theory is, that the ’lone pairs’ occupy different
(energy) orbitals in the molecules - this was suggested by the photoelectron spectra, but VB fails
to account for this.
In the case of heteronuclear diatomics, the MO treatment is very similar. We namely start out
with the same orbitals - the only difference is, that they differ in energy. The result of this is
twofold: the covalent interactions are smaller and the bonding orbitals are polarized towards
the lower effective nuclear charge atom, the nonbondings towards the atom with less effective
nuclear charge, thus higher energy orbitals. This in turn implies that they can no longer have a
parity, we can not assign the u and g labels. Therefore also, their interactions with each other is
less.
The best way always is to look for the closest match between the energies of the orbitals, and
combine only those which are of good symmetry and close in energy. In LiH, for example, the
H 1s and the Li 2s yields 1σ and 1σ ? . In HF, the H 1s combines with F 2s, similarly. Reason
being, that the F 1s, Li 1s are lower in energy because of the higher effective nuclear charge
(they remain essentially at the same level - we call them nonbonding orbitals, they form the core
of the atom, in contrast to the interacting valence electrons). If the energy mismatch is large,
then the electrons will end up in orbitals, that have coefficients mainly from the atom with lower
energy orbitals - accounting for ionic structures, e.g. LiF, combine 2s of Li and 2p of F (closest
in energy).

3.2.3

Polyatomic structures

With growing number of atoms, the number of atomic orbitals to combine (because right symmetry and energy) become increasingly large, too large to treat the system qualitatively.
We can use some well justified approximative methods to deal with these situations (they cause
problem only here, when we want to treat the qualitatively - a computer is quite happy with a
molecule of a size of an enzyme as well, if the basis set is provided). For small molecules, a
general method is to use the hybridization and then include both the remaining unhybridized
orbitals and the hybrid orbitals into the basis set. Here, however, as orthogonality of hybrid
orbitals is not required, in an sp hybrid orbital, we can have other ratios than 50-50
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To describe larger systems, the best suited qualitative method is the combination of MO theory
and VB theory. The idea is to hybridize appropriately the atoms, and then use VB theory to
create the skeleton of the molecule from the hybrid orbitals. Then, use MO theory to describe
the interaction of remaining atomic orbitals. Organic molecules, electron deficient systems and
solids (to some extent) can be treated this way.
The bonding orbitals resulting from the interaction of hybrid orbitals generally are low in energy, and therefore inert. Due to them concentrating more electron density between the nuclei,
the sigma bonding orbitals are usually lower in energy than the pi formed from the same atoms,
and consequently, the antibonding is higher for sigma than for pi. The other orbitals formed e.g.
p orbitals can functionalize the (most of the time) inert sigma skeleton of organic molecules.
A simple case is the separated double bond, occurring e.g. in alkenes or carbonyl compounds.
Here, the two p orbitals interact to form two /pi molecular orbitals. The bonding orbital is populated, whereas the LUMO of the molecule is the pi antibonding orbital. Protonating the carbonyl O reduces the electron density on it (not making it positively charged, though), therefore
the effective nuclear charge increases, the interaction between the oxygen and carbon orbitals
decreases and therefore the LUMO is lowered. This is important for making these compounds
more reactive (effect of Lewis acids).
If, after building up the skeleton from hybrid orbitals, we have orbitals in a row, e.g. p orbitals
remaining, or we have atoms with s orbitals in a row, we can use a simple method of sinusoidal
waves, denoted as n-1 rule to construct the MO orbitals. Simply draw to extra points on both
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sides of the row, and for the lowest orbital, connect them with a half-wave. For the next orbital,
connect them with a full wave, i.e. create a node in the middle. For the next orbital, create two
nodes, and draw 3 half-waves and so on, until the number of starting orbitals is reached. Now
in each new orbital, draw in the original orbitals but only the height as the wave at that node.
These represent the contributions of the basis orbitals to that specific new orbital formed. If
the wave is on the opposite side, our basis has combined with opposite phase, or equivalently,
there is a nonbonding interaction between the adjacent atomic orbitals. Use this, for example, to
describe bonding in butadiene, or even this can be used to explain band formation in solids: if
many similar atoms with similar orbitals are placed in a row, or lattice, their respective orbitals
combine (assume, independently of each other) - and interestingly, as we add more and more
orbitals, the lowest energy level and the highest will converge to a value, with the others placed
- if we speak of a large number - evenly between them, forming bands, e.g. s or p bands, that are
filled with the available electrons.
Similar is the situation in case of allylic systems or carbonyl structures connected to lone-pair
containing ligand, e.g. amides, esters. In this case, the only difference is, that the bonding
orbitals will be polarized towards the largest Ze f f atom in the row, the unbondings towards the
smallest. It defines the reactivity of these system, because they have largest coefficient of HOMO
on one side, LUMO at other site.
This picture thus allows us to rationalize partial bonds, for which we used the resonance structures in VB theory. This becomes clear with electron deficient compounds as well:
to describe bonding in boron-halides, we can hybridize B to sp2 and use the remaining p orbital
and the right oriented p orbitals on the halogens to form 4 molecular orbitals of the same energy.
Although the complete picture involves interaction of all orbital of boron with all of fluorine,
chlorine etc. Similarly, in B2H6, we can use the 2 sp3 orbitals on borons and the H 1s orbitals,
to create 3 orbitals and populate them with the 2 available electron.
Now one extra structure, described quite well by MO theory, remains now for discussion. That of
the aromatic systems, especially that of benzene. Experiments suggests that it is different from
a single hexatriene, for which now we are capable of constructing the molecular orbitals without
calculations. A better comparison is with the cyclohexene, cyclohexadiene and cyclohexatriene.
Introducing double bonds increases the energy (C-H sigma bonds are stronger than the C-C pi
bonds) - but the stability of benzene is intermediate between cyclohexene and cyclohexadiene.
The n-1 rule doesn’t work in this case, i.e. we can construct the lowest energy orbital with all
the p orbitals in phase, but the highest energy orbital will have 6 instead of 5 nodes (as n-1 rule
suggests) - the combination of orbitals where all have alternating phase. 6 nodes are equivalent
to 3 nodal planes. Now we can place 1 nodal plane into it in two ways - either through the
atoms or through the sides. Because they have the same number of nodes, they are degenerate.
Similarly, for 2 two nodes, we can place them in two different manner. The result is thus, that
we have the 1π, 2π, 3π systems bonding, and they are filled with electrons, while none of the
antibonding 4π, 5π, 6π with 2 and 3 nodal planes are filled with electrons. This structure, that
all the electrons can occupy bonding orbitals, which due to degeneracy of intermediate orbitals,
are lower in energy than for normal double bond system results in the stability of benzene.
In contrast to this, is the structure of cyclobutadiene. This is described as anti-aromatic. Here, in
the rectangular structure, if we assume square arrangement, the highest energy orbital will have
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2 nodes, all p orbitals off phase, the lowest bonding orbital with no phase, all orbitals in phase.
However, the intermediate orbitals have both 1 nodes, are degenerate. And nonbonding, due to
the Hunds rule singly occupied. In fact, this is the picture for square arrangement of the nuclei,
but this is not the optimal configuration, as if one of the bond shortens, the other lengthens, the
intermediate orbitals become degenerate, and one of them bonding - which can be populated by
the 2 electrons.
GRAPH 11 - GRAPH FOR SOME OF THESE

3.2.4

Bond energy, electronegativity, ionisation energy, electron affinity

To close this chapter on bonds, and as a complement to the last chapter on atoms, I suggest the
review of some well defined and equivalently well measurable properties of compounds.
First is the ionization energy of any compound. Ionization energy is the molar energy required
to remove 1 electron from a gaseous, isolated particle, or compound. Using the definition of the
bound state for electron, the free electron will have 0 energy (non-relativistic), thus,

Ei = Eion − Eatom

(3.1)

To first approximation, this equals to the energy of the HOMO, from which the electron is
remove (Koopmann’s theorem). But this is an approximation which assumes that the orbital
energies of the compound are independent of the population of the HOMO - this - as we have
seen (most easily explained by change in effective nuclear charge, and therefore in all the other
orbital energies, if the electron is removed) is not the case.
The ionization energy decreases down a group, as the effective nuclear charge (for atoms) increase is outcompeted by the n increase. In a period, it generally increases. However, disappearance of resonance stabilization, i.e. stabilization due to same spins, naturally appearing in
the solution of SE, results in less stable ion, therefore larger ionization energy. This explains the
large ionization energies of atoms with filled or half-filled orbitals.
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Second comes the electron affinity. Various definitions exists, here I define it as the amount of
energy released when 1 electron is added to a neutral atom or molecule in gaseous, isolated state.
Thus
Ea f f = Einit − E f inal
(3.2)
The emerging trends are resulting of the interplay between the stabilization in the potential of
the nucleus, the stabilization due to exchange energy and destabilization due to electron-electron
repulsion (three terms of the Hamiltonian). Though MO theory can provide only very vague
predictions, as it can’t predict well the energies of the non-occupied orbitals when they become
occupied. No clear trend is observed down the group, due to the increasing size and increasing
effective nuclear charge acting in reverse direction. In a period, the electron affinities increase,
except when a new shell or subshell or half-filled is created by the addition, e.g. at Be and at
N and at noble gases. This is attributed to the lack of stabilizing through exchange energy. It is
interesting, that the second period elements, among others, have smaller electron affinities than
the third. This is attributed to their compactness, and the resulting e-e repulsion. Therefore,
the largest electronaffinity is that of chlorine. Closely followed by gold, Au, though. Reason
being, that Au can accept electron into its 6s orbital, that is, due to relativistic effects and f-block
contraction, very low in energy (it would not be the case, if it could accept into d block orbitals,
less affected by relativistic contraction).
Next is the bond strength and the bond dissociation energy. They are not the same. Bond
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dissociation energy is the enthalpy change when a bond is cleaved by homolysis, i.e. yielding
two radicals, with both products and starting material at 0 K. But we can define it to 298 K
as well. It measures the strength of one single bond, e.g. the strength of 1 O-H bond in H2 O.
However, it is important, that after breaking a bond, the orbital energies change. Breaking
therefore of a second bond might need different energy than when that bond is broken first. To
break the second OH bond in H2O, more energy is needed. Therefore, bond energy is introduced
as the average of the bond dissociation energies of the given bond in a given species. The bond
length, i.e. the equilibrium distance of the nuclei usually correlates well with bond strength, the
stronger the bond, the shorter the distance.
Lastly, electronegativity. This is the measure of the ability of an atom to polarize a covalent
bond towards itself. In MO picture, the lower the atomic orbital is in energy, i.e. the higher the
effective nuclear charge and the smaller the n, the higher is the polarizing power. Quantitatively,
this jumps out from the VB treatment of bonding, at least how Pauling defined it. He used
the semi-empirical formula (semi-empirical, because it was found from experiments, that the
covalent bonding part can be approximate by the mean of homonuclear bonds):
Ed = Ecov + Eionic =

[Ed (AA) + Ed (BB)]
+ (χA − χB )2
2

(3.3)

This implies, in accordance with the reality, that a heteronuclear bond is always stronger than
an average of the constituent atoms homonuclear bond. This approximation has its basis in
the VB description and the coefficients, the electronegativites of the atoms are adjusted to the
experimental results. The scale is defined such that the electronegativity of F is 4, thus EN
measures the extra strength added to a heteronuclear bond due to polarisation. Electronegativity
increases in a period, due to effective nuclear charge increase and n remaining the constant,
whereas decrease in a group, giving Cs the smallest value. Pauling EN is not defined for noble
gases. There is an anomaly in the trend in the 4th period. Here, Ga has larger EN than Al. This
is attributed to the large effective nuclear charge it feels due to the bad-shielding of the d-orbitals
even if it has n =4 instead of n=3.
GRAPH 12 - EN AND Ei, Eaff
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Chapter 4

The nucleus
So far, the main focus was laid on the electron cloud of the atom. The reason being that reactions
and interactions between atoms occur through the electron cloud, whilst the nucleus remaining
unchanged, and therefore, the electronic structure is a bit more important from an ordinary
chemists point of view. But that does not provide an excuse strong enough not to inspect the
atomic nuclei as well. In fact, they determine the stability of the atoms and are the main source
of the radioactivity. First, we provide some models that can quite well predict the properties of
the nucleus, than radioactivity is reviewed.

4.1
4.1.1

Structure of the nucleus
General properties

The nucleus has Z positive charge, that is carried by Z protons. Initially it was assumed that
these protons were held together by electrons. If we assume, that electrons are located in the
nucleus of radius in the order of magnitude r = 10−14 m, using the uncertainty principle:
σx σ p >

h̄
h̄
⇒ σp >
⇒ E ∼ 20 MeV
2
4 ? 10−14

(4.1)

Now electrons with this high of energy couldn’t exist in the nucleus, either because even the
beta-electrons have only 3 MeV and because the Coulomb-potential energy is in pJ order of
magnitude, the electrons would leave the nucleus. It was found later, that the nucleus is held
together with the aid of neutrons, of which it contains A. An arbitrary nucleus is thus denoted
A X, where A = N + Z is the atomic number.
Z
In contrast to electrons, both the proton and the neutron is a hadron, i.e. composed of quarks
and gluons. Both of them are composed of 3 quarks, and therefore are called baryons. They
are spin-half particles, i.e. fermions, just like the electrons (this means, they must obey Pauli’s
exclusion principle). The difference between them, is that the proton is composed of 2 up and 1
down, the neutron of 1 up and 2 down quarks. This confers a slightly larger mass to the neutron
and larger instability in free state: it decays according to the scheme:
n0 −→ p+ + e− + ν electron + E
57

(4.2)
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with a half-life of t 1 = 885 s. This, and the other decays are driven by the so-called weak interac2
tion and the mediatory vector bosons, however, the discussion of the nature of this fundamental
interaction is outside the scope of this booklet. Read Feynman, might help.
Now, as protons do repel each other (electromagnetic interaction) and are confined to quite a
small space (r ∼ 10−14 ), they have quite a large kinetic energy (E ∼ 10−13 J) resulting from the
quantum uncertainty as well. To remain located, bounded in the nucleus, some ’force’, rather, a
potential must stabilize them. This, we denote as nuclear interaction. Experiments tell us, that
it is charge independently acting between hadrons, is always attractive and can be modelled by
−µr
the Yukawa potential, V ∝ e r and exhibits a rapid increase for small, femtometer distances
(resulting from Pauli-exclusion). It is very strong (coefficients are found empirically), on small
distance scales, around 100 times that of coulomb force. This nuclear interaction or force is
similar to the van der Waals interaction, or dispersion forces. It arises as the consequence of the
strong force (third fundamental interaction of the nature, mediated by gluons) acting between
the quarks and their ’self-polarization’.
The strength of this force has an important consequence: energy released upon binding significantly alters the mass of the nucleus (mass defect - nucleus has smaller mas with ∆m than
the sum of the protons and neutrons masses that make it up) compared to the mass of the free
nucleons. The conservation of mass-energy (relativistic energy) implies that:
Ebinding = ∆m ? c2 ⇒ Ebinding = [(Z ? m p + (A − Z) ? mn − Mnucleus ] ? c2

(4.3)

The binding energy is released in the form of γ photons, as it is in the order of magnitude of pJ-s
(10−12 J), compare this with the aJ-s of electron transitions.
This binding energy has contributions from both the nuclear interaction, the exchange interaction
and the Coulomb interaction. The behaviour of nuclear particles is described by the quantum
chromodynamics - but two models have been developed simultaneously to describe the binding
inside the nucleus (predict its mass from the number of protons and neutrons), the two complementing each other, because QCD is even nowadays difficult to handle.

4.1.2

The liquid drop model of the nucleus

Initially experimental results suggested that:
√
A
3
3
R = R0 A ⇒ ρ = =
= constant
V
4πR30

(4.4)

for larger nuclei. In this respect, they are very similar to the liquids. Secondly, we know now,
that the nuclear interaction is a secondary interaction of the strong force, a similar relation to
that existing between the vDW forces holding together liquids and the electrostatic force holding
together the atoms in compounds. This rationalizes the method which treats the nuclei similarly
to liquid drops to estimate its potential. The formula used is:
E = EV + ES + EC + EPauli + EPair

(4.5)

The first term in the expression, the volume term says that the nuclear interaction potential is
proportional to the number of nuclei and attractive, therefore Ev ∝ −A. The second term, the
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surface term is present, because on the surface, the nucleons have lost their neighbours thus are
2
less stabilized by the nuclear interaction. The size of the surface yields that ES ∝ A 3 . The third
term accounts for the destabilization of the Coulomb force acting between the nuclei, thus is
2
EC ∝ Z 1 . The fourth term is not trivial, it accounts for the total kinetic energy of the nuclei,
A3

which increases with the number difference between protons and neutrons (the one in excess
2
has to occupy higher energy levels), thus EPauli ∝ (A−2Z)
and lastly, the last term accounts for
A
the anti-Hund rule (later) i.e. it is stabilizing if Z,N are even, 0 if one of them only is odd and
1
destabilizing both of them are odd and is ∝ A− 2 .
Thus the Weizsäcker formula for the binding energy per nucleon (i.e. the energy divided by A):

4
1
3
E(A, Z)
A − 2Z 2
= ε(A, Z) = −εV + εF A− 3 + εC A− 3 Z 2 + εPauli (
) ± εPairing A− 2
A
A

(4.6)

This describes a three dimensional surface of the energy (how long yearned are these in case
of electrons... here we have it analytically), which gives important predictions. First, it has
a minimum at 56
26 Fe (exact element might differ, depending on the value of the last, pairing
term). Indeed, those nuclei are the most common in the universe (nuclei, not atoms). Also, by
taking the derivative with respect to A while keeping Z constant and equating it to 0, we find
the A which yields the lowest energy or strongest binding for every Z, from which we obtain
the neutron-proton ratio minimizing the energy for every Z, and after binomial expansion, we
obtain:

2
∂ ε(A, Z)
N
= 0 ⇒ Amin (Z) ⇒ ( )min ≈ 1 + KA 3
∂A
Z

(4.7)

First note, this theory is only valid for larger nuclei. But apart from that, it results, that in
the region of validity, the ideal proton-neutron ration is 1, which deviates and increases for
larger nuclei. As we have seen so far, decreasing the energy is a driving force for changes to
occur. In this case, every nuclei will naturally strive to reach the lowest point on this curve,
by means of radioactive decays. This model, however semi-empirical is, is still used to explain
phenomena. For example, the extra, Pairing term explains, why the number of stable nuclei
with even-even:odd-even:odd-odd nuclei number combinations is 141:96:5. It uses a spherical
nucleus, but we now know, that the nucleus can have various shapes. It breaks down for small
nuclei, but, fortunately, we have an other, quite well working (even qualitatively) model for that
case.
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The shell model of the nucleus

The shell model of the nucleus approaches the problem from an other point of view: it models the
nucleus as a three-dimensional harmonic oscillator and adds some extra terms to best describe
the experimental results, to the Hamiltonian. Thus, we get that, in the first approximation:
1
V (r) = mω 2 r2
2

(4.8)

Not surprisingly, as we have a 3D symmetric potential, the solution will be given by Laguerre
polynomials, but most importantly, again, characterised by three numbers (arising from separation of variables and boundary conditions) n, l and ml plus the spin. The value of n is an integer,
beginning with 0, l alternates and is 1 if n is odd, 0 if n is even and ml can take 2n + 1 values
because its absolute value should be smaller than equal to n. Thus, the degeneracy of each level
. Both the protons and the neutrons independently from each other
can be given by (n+1)(n+2)
2
occupy these orbitals. Here, however, the anti-Hund rule holds in populating the orbitals, due
to the attractive interaction between the nuclei. For example, From this model thus, we would
expect closed shells at:
k

(k + 1)(k + 2) (k + 1)(k + 2)(k + 3)
=
2
3
k=0

∑

(4.9)
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Based on the analogy with the electronic structure and the inertness of noble gases, we would
expect these nuclei to be especially stable. Indeed, there are so called magic numbers, which
nuclei are more stable than the others (the liquid drop model fails to predict them). This model
gives the first 3 right, Z = 2, 8 and 20. These correspond to the oxygen, the helium and the Ca
nuclei, which indeed are the among most abundant nuclei along with the Fe and its neighbours,
predicted by the liquid drop model, in the universe. The other magic numbers are predicted
improvement of this model with the introduction of spin-orbit interactions, which give 28, 50,
82, 126, 184, in accordance with our observations. The elements with magic number of either
or both Z and N has a big deviation in binding energy from the Weizäcker formula, and are thus
very stable, consequently aboundant. They have thus, for example a very low neutron absorption
cross section, their excitation energy is large and they are at the end of all four radioactive series,
which will be dealt with now.
But before that, there is one property of the nuclei, which is although of crucial importance, is
not that well predicted by these simplistic models. That is the nuclear angular moment. Compare
it with the electrons angular moment: the total angular moment is the sum of the orbital and spin
angular moment for electrons, but nuclei act as possessing only type of angular moment, I, which
we also call nuclear spin. This means, or actually, this is deduced by them having a nuclear
magnetic moment, i.e. they interact with the magnetic field. Nucleus of odd mass number tend
to have half-integer spin, nucleus of even mass number integer spins. In the latter case, their spin
is usually 0 if they are even-even nuclei. The magnetic moment arising from these spins, is way
smaller than that of the electron - so they can be inspected separately. GRAPH 13 - NUCLEAR
POTENTIAL SURFACE

4.2

Nuclear processes

Changes in the nucleus can occur, and in most of the cases, we can explain them as they are
occurring to minimize the energy of the nucleus, i.e. reach a stronger bound state. This means
change towards the minimum or the optimum of the potential surface given by the Weizsäcker
formula, or towards the ”magical” elements. These processes include radioactive decays, fusion
and fission.
The most important consideration in dealing with them is that during each of the processes the
energy has to be conserved - noting that energy and mass are equal.

4.2.1

Radioactive processes: γ decay

The nucleus might be in an excited state, i.e. not in its ground state, whose energy is describe by
the potential energy surface and given by the densely filled shell arrangement, but in a state, with
a nucleon higher in energy. This might for example be result of an external excitation or a betadecay (later). These excited atoms return to their ground state by a photon emission. The energy
of the photon is usually in the gamma region, i.e. around 0.1 pJ, thus the name. Energetically:
Eγ = hν = E 0 (A, Z) − E(A, Z)

(4.10)
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Gamma decays are usually rapidly occurring, but there exist so-called metastable states, which
although excited, not lowest energy states, are stable. They can be used to transport radioactive
nuclei.
Gamma photons can either excite other atoms, interact in Compton-diffraction (can be modelled
as hard spheres) or can undergo pair production, if they possess the necessary energy. They are
best absorbed thus by large, diffuse atoms, the thicker of a layer, the better.

4.2.2

Radioactive processes: β decays

To reach the optimum nucleon ration - as calculated previously, nucleons having either neutron
or proton excess might undergo negative or positive β decays, respectively. (We have discussed
earlier, that a free neutron is unstable - in the nucleus it is stabilized, unless it decay leads to
energy decrease of the nucleus) The two processes are:
β − decay

A 0
ZX

−→

A
Z+1 X

+ e− + ν electron

(4.11)

β + decay

A 0
ZX

−→

A
Z−1 X

+ e+ + νelectron

(4.12)

The energetic conditions for these processes to happen (to be allowed to happen) can be obtained
by writing the energy of a nuclei (and in every decay) as E(X) = N ? mn c2 + Z ? m p c2 − Ebinding ,
if the binding energy is assumed to be positive. The nuclear processes can happen, if the starting
material has at least as much energy as is needed to yield the stationary products. If present, the
excess energy appears as the kinetic energy of the products. Thus, we get:
β − decay

− Eb (A, Z) + mn c2 > −Eb (A, Z + 1) + m p c2 + me c2

(4.13)

β + decay

− Eb (A, Z) + m p c2 > −Eb (A, Z − 1) + mn c2 + me c2

(4.14)

Assuming that the mass of the positron (e+ ) are equal, and the energy of the neutrino (ν) can be
neglected. As mentioned earlier, β decays can happening because of the weak interaction.
The newly formed nucleon in the nuclei usually ends up in an excited state (if its progenitor was
in a higher shell). Therefore, the β decays are usually accompanied by γ or X-ray radiation,
characteristic of the returning to the ground state.
An electron and a positron thus produced when meet, annihilate each other forming at least two
photons (otherwise, momentum could not be conserved):
e+ + e−

−→

γ +γ

(4.15)

Annihilation is characteristic of every particle-antiparticle pair. Lastly, the right N/Z ratio can
be reached by electron capture as well:
electron capture e− +AZ X 0

−→

A
Z−1 X

+ν

(4.16)

if the energy criteria:
electron capture

− Eb (A, Z) + m p c2 + me c2 > −Eb (A, Z − 1) + mn c2

is met. Therefore, the latter two are rare, compared to the first decay.

(4.17)
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Radioactive processes: α decay and fission

We have seen that the minimum of the potential surface occurs near iron - thus heavier element
nuclei can get into lower energy state by decreasing their mass number, N. A typical case is the
alpha decay, during which a 42 He nuclei = α particle is emitted:
α decay

A 0
ZX

−→

A−4
Z−2 X

+42 α

(4.18)

This is allowed to happen if and only if:
α decay

− Eb (A, Z) > −Eb (A − 4, Z − 2) + E(4, 2)

(4.19)

Similary to β decay, α decay is usually followed by characteristic X-ray and γ emission.
However, not only this process can lead to a more stable state. It can be shown using the
Weiszäcker formula, that fission of Z>42 atoms into two equal parts yields energy release, i.e.
stabilization of the nuclei (due to the larger decrease of the Coulomb energy than the increase
in the surface energy - really write up the formula and behold...). The reason why most of the
higher Z atoms are still stable is because fission - similarly to α decay needs activation energy:
initially, the increase of the surface needs energy input, which is later compensated by the decrease in Coulomb energy.
Above Z>117, the nuclei spontaneously decompose because here even the small Coulomb energy decrease can cover the activation energy. Otherwise, the potential energy barrier or activation energy can be overcome either by (thermal motion is nothing compared to the pJs of the
activation energy) tunnelling, see before, i.e. that the particle is found with non-0 probability
in on the other side of the barrier as well. α decay proceeds through this, and is therefore very
rare. But fission can be induced as well - e.g. by neutrons, which are practical because can approach the nucleus without experiencing any electric force (repulsion). The slower the neutron,
the higher is the probability that it is absorbed by a nucleus (’more time around the nucleus’).
Thus it happens, that slow neutrons induce fission in 235
92 U among others. This is a neat process, because other neutrons are released in it: the primary neutrons directly from the fission
whereas the secondary neutrons from the fission products by simple neutron emission, whilst
them setting the lowest energy N/Z ration (the fission products will always have neutron excess,
see the shape of the (Z/N)min curve. The fast neutrons can be slowed down in moderator media
(water, preferably) and can be led back to the fission material to induce fission again. Nuclear
f ission f romthe f issionproducts
power plants can function safely if the ratio neutronscausing
= 1 only with
neutronsreleasedinthe f ision
the secondary neutrons. Otherwise, due to the short time-scales, the process (chain reaction) can
not be controlled.
Fission reactions are quite useful, not just because we can construct power plants, but they provide the thermal heat and probably the streaming inside the nucleus of the Earth, from which
probably the magnetic field of the Earth, the van-Allen belt and thus our protection from many
kind of dangerous particle stream arises.
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Fusion

Although it is very inaccurate for that region, from the Weizsäcker formula and the potential
energy surface, we can see that the fusion of small nuclei leads to stabilization. Additionally,
the fusion is needed to explain the presence of higher A nucleus in the universum. Because the
nuclei are built up in a stepwise manner in the stars, post-iron elements can only be formed from
fusion. Now fusion has a very large activation energy barrier presented by the nuclear charge and
can therefore happen only inside stars or supernovas, where the thermal energy is large enough
to provide this energy.
The two main fusion processes occurring in the suns are the p-p chain reaction (younger stars,
where H abounds):
Step 1 11 H +11 H −→ 22 He
(4.20)
Step 2

2
2 He

Step 3

1
2
1 H +1 H

Step 4

3
3
2 H +2 H

−→

2
+
1H + e + ν

(4.21)

3
2H + γ

(4.22)

211 H +42 He

(4.23)

−→
−→

Overall, from 4 proton, 2 He are produced, 2 positrons and electron neutrinos are released. The
second process is driven by the weak interaction and is therefore very slow compared to the
others (rate determining). The finishing step might differ, this Step 4 is the one most common in
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our Sun. In the CNO processes, the same overall reaction happens, just there C, N or O isotopes
are used as catalyst. They are important in older stars. Lastly, heavier nuclei are produced by
fusion as well, and the starting point is the triple-alpha process:
4
4
2 He +2 He

endothermic step
exothermic step

8
4
4 Be +2 He

−→

−→

8
4 Be

12
6 C + 2γ

(4.24)
(4.25)

Trans-uran elements, which spontaneously decompose, were probably formed in supernova explosions and spread around in the universe.
Fusion on Earth, to mimic these conditions, will need extreme control over extreme temperature
plasma.

4.2.5

Laws governing nuclear processes

All radioactive processes follow probabilistic laws, i.e. we can only give the probability λ that
on atom will decay in a small time interval, dt. Thus, the probability distribution function that
the particle will decay at t + dt and not earlier is:
f (t) = λ e−λt

(4.26)

. The mean lifetimes is thus given by:
hT i =

Z ∞

λte−λt dt =

0

1
λ

(4.27)

and evaluating an other integral, the standard deviation is σ (T ) = λ1 . If N particle are present,
the rate of decay, i.e. the activity of the sample is:
A=

n(decays)
= Nλ
∆t

(4.28)

From this follows, that the rate of change of the particle amount, N can be given as:
dN
= −λ N
dt

(4.29)

Which means, they follow first order kinetics. The subtle points of this kinetics are treated in the
Kinetics chapter. Everything thus discussed there about first order processes holds true for the
radioactive decays.
Though there is an important feature that is worth emphasizing. So-called radioactive series
exist, because usually the product of a decay can further decay and so on, until a stable nucleus
is reached. We have 4 different radioactive series, because the radioactive processes can change
the value of N either by 0 (γ and β processes) or by -4 (α decay). Thus, each intermediate in
the chain will have the same remainder when divided by four as the starting nucleus or the final
209
nucleus. All the four chains terminate at magical elements: 208
82 Pb for the 4n series, 83 Bi for
207
the 4n + 1 series, 206
82 Pb for the 4n + 2 series and 82 Pb for the 4n + 3 series. If in one part
of the series, the parent compound has considerably larger lifetime, than the daughters and the
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daughters are allowed to accumulate (e.g. not washed away, not diffuse away), a radioactive
equilibrium can be established. The condition for this is that the activity of the daughters should
equal the activity of the parents - then the daughters amount remain constant. For this reason,
a radioactive sample can have large activity, even if the original parent has long decayed - its
daughters might exist in equilibrium and the experienced activity is the sum of their activities,
Atotal = ∑i Ai . The reasoning behind these statements are found in the kinetics chapter.

Part II

Physical chemistry
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Chapter 5

Thermodynamics
Thermodynamics is the area of science, which based on 4 axioms, describe why and which
processes can occur based simply on statistical arguments. It is quite important therefore in
chemistry, I would say. First, we examine, how can we obtain some useful statistical variables
from the microscopic variables we have used for the QM, e.g. energies, spins.
Then, we discuss the laws making a connections between these variables and then we deal with
their consequences. Sometimes, it might seem that we just keep redefining things - but trust me,
mostly, everything has its point.
To deal with thermodynamics, the principles of calculus is crucial. Now, if we have a scalar
field, i.e. a field that at every point (x,y,z) takes a value, denote it as V(x,y,z). Let us deviate dx,
dy and dz from a given point, (x,y,z). Mathematical reasoning states, that the deviation in V, i.e.
the value assigned to the coordinates, can be written as:

dV =

∂V
∂V
∂V
dx +
dz +
dy
∂x
∂z
∂y

(5.1)

(partial differentiation: differentiate, keeping the other variables as constants). In chemistry,
and in the following chapters, V is called a state function - as it assign a value to every state
(x,y,z). The difference is, that here we describe the states by the state variables, p,V,T, n. The
second crucial mathematical method that we often use, is the concept of extremization using
Lagrangians. Now if F(x,y,z) is to be extremized subject to constraints G(x,y,z) = 0, H(x,y,z) =
0, ... the Lagrangian is defined as:
L = F(x, y, z) − αG(x, y, z) − β H(x, y, z)...

(5.2)

Stationary points (minima, maxima) subject to these G,H etc constraints can be found by equating the derivatives of L with respect to x,y,z,α, β to 0, to get 3 + n equations. We only have to
solve them.
69

70

5.1
5.1.1

CHAPTER 5. THERMODYNAMICS

Microscopic to macroscopic transition - the beauty of statistical
thermodynamics
Boltzmann distribution and non-interacting particles

The Boltzmann distribution is of incredible importance for understanding chemistry. It gives
us, how the energy states are populated in a system. It is, among others, therefore the proper
formulation of Hund’s law we have used in the previous chapter. Now imagine a multiparticle
system at thermal equilibrium. Assume furthermore, that there are no interactions between the
particles and that they are indistinguishable. This latter point is important - it was found, that
the particles of the same type indeed are indistinguishable, e.g. electrons (Maxwell-Boltzmann
statistics fails because it assumes that they can be distinguished). Assume, lastly, that they all
populate the available energy states with the same probability.
Now this assumption is far from being trivial. But compare it does not at all clash with the QM
picture, but will complement it: there, if we know the wavefunction, we can predict the energy.
If we know a set of possible wavefunctions, however, which are all equivalent solutions of the
SE, we have no reason to assume that one or the other will actually dominate somehow. No,
they are completely equivalent states, with their own energies. Our bias, to consider the lower
energy state more probable, is nothing else but the consequence of the Boltzmann distribution and can be interpreted only in a statistical ensemble.
Now with these assumptions, we have impose two conditions:
s

N = ∑ ni
i

s

E = ∑ ni εi

(5.3)

i

Each configuration of the system is characterized by s states with energies ε1 , ε2 , ...εs , with
n1 , n2 , ...ns particle occupying each. Thus the above two conditions represent the closedness of
the system. Now if the particles are indistinguishable, the number of ways how the system can
reach a given configuration (check yourself - permutation) is:
W=

N!
n1 !n2 !...ns !

(5.4)

E.g. for 3 particle and 2 states: 2-1 distribution can be reached 3 ways. Now, as all states are
equally probable for the particles, we assume that the most probable distribution is the one that
can be reached in the largest number of ways, i.e. with W the largest. It turns out, that it is easier
to maximize lnW instead which is similarly, function of n1 , n2 , ...ns . This can be done by the
method of Lagrange multipliers, which involves writing up the Lagrangian for the system:
L = ln(

s
s
N!
) − α(N − ∑ ni ) − β (E − ∑ ni εi )
n1 !n2 !...ns !
i
i

(5.5)

and equating its derivative with respect to the variables n1 , n2 , ...ns and α, β to zero, to find an
expression for the variables which maximize lnW. The result is that W is max, when:
ni
e−β εi
= eα−β εi ⇒ ni = N s β ε
N
∑i e i

(5.6)

5.1. MICROSCOPIC TO MACROSCOPIC TRANSITION - THE BEAUTY OF STATISTICAL THERMODYNAMICS
Here, from getting the final result, I have just used the constraint on N as above written. Here,
now what we get, is that a single variable, β governs the most probable distribution of the system.
In the next subsection, you will see that it is related to the temperature (a macroscopic variable)
as:
1
(5.7)
β=
kT
where k is an universal constant, called the Boltzmann constant.
The denominator in the expression, ∑si eβ εi = Z, is called the molecular partition function. It
is a sum over states of the system - each possessing energy levels εi . Two states might indeed
possess the same energy level, then they are called degenerate. It can thus be rewritten, if gi
states possess energy εi as Z = ∑ij gi e−β εi where the sum is now over all energy levels instead
of states. Alternatively, Z can be rewritten using that each states energy comes from different
motion and interactions: rotation, vibration, translation, electronic, thus Z = Z T Z R ZV Z E (sum
in exponent yields products).
There is one term, the translational contribution, that is worth a closer look, as it will be important in the theory of gases.
This is a very important point or step. Here enters the QM feature of the microscopic states into
the picture - i.e. they determine, of course, the molecular partition function. Namely, we use
that the energy of a particle that is free to move in a 3D box was previously calculated to be:
ε(n1 , n2 , n3 ) = εnx1 + εny2 + εnz3 with εni =

n2 h2
8mi2

(5.8)

Using the approximation, that the energy levels lye close enough to treat them in an integral
instead of a sum in the partition function, finally one obtains that:
ZT = (

2πm 3
V3
2 XY Z =
)
h2 β
Λ

(5.9)

Now the mean energy of a particle relative to its ground state energy is given by the total energy
divided by the total number of particles:
hεi =

1 s
∂ log(Z)
εi e−β εi ⇒ hεi = εgs − (
)v
Z∑
∂β
i

(5.10)

. This suggest something inherent - only the partition function, i.e. the structure of the energy
levels is needed to calculate the mean energy in the most probable distribution, the Boltzmann
distribution. And the partition function is given by the underlying fundamental interactions - by
QM. For example, using the shown translational case, we get that
εT =

31
2β

(5.11)

The Boltzmann distribution predicts temperature dependent population of states. But if the
separation between energy levels is very small compared to kT, i.e. at high enough temperatures,
the equipartition theorem says that:
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if we have thermal equilibrium, the average of each quadratic contribution to the internal energy
(introduced, named shortly) is 21 kT . Quadratic is the contribution, if it depends on the second
power of a variable: kinetic energy on v, potential energy on x etc. These we also denote degrees
of freedom. Thus, at high enough T:
U=

f
f
NkT = nRT
2
2

(5.12)

This is useful to express the heat capacities. But rotation, vibration levels are far apart - at room
temperatures, therefore, this expression for more complex molecules, is not expected to give
right predictions.

5.1.2

Interacting particles

To treat these cases, usually the notion of the ensemble is introduced. Imagine Ñ systems in
thermal equilibrium with each other, therefore sharing the temperature T, each with the same
volume V and number of particles N. Now let Ñi the number of systems that have Ei . Now the
configuration is described by these values, Ñ1 , Ñ2 ...Ñl . Again, the most probable distribution
results if:
l
e−β Ei
with Q = ∑ e−β Ei
(5.13)
Ñi = Ñ
Q
i
This Q is called the canonical partition function. It is important to see, that here we allow for
interacting between the particles, nothing excludes it. Now, for the case when the molecules
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are independent from each other, we can easily relate to each other the two partition functions.
Here, for distinguishable particles:
Ei = εi (1) + ... + εi (N)

(5.14)

The energy of the state is the sum of the individual particles energy in that very state. Thus,
the canonical partition function can be rearranged into the product of the molecular partition
functions:
(5.15)
Q = ∑ e−β ε j ∑ e−β ε j ∑ e−β ε j ... ∑ e−β ε j = Z N
j

j

j

j

For low temperatures, this can be corrected for indistinguishable particles, to yield:
Q=

ZN
N!

(5.16)

.

5.1.3

Internal energy and the entropy

Now first back to non-interacting case. If we have N particles in a system, then the total energy
of the system is given by Nhεi. Because the calculation of Z is based on the convention, that
ε0 = 0, then obviously, this gives the energy above the ground state, i.e. when only the ground
state is occupied. Follows for the total energy, also called internal energy (in this case for noninteracting particles) that:
U(β ) = U(0) −

N ∂Z
(
)v with U(0) = εgs N
q ∂β

(5.17)

Now, for the statistical definition of entropy, its macroscopic definition and the first law of thermodynamics has to be pre-told, which, together yield the so-called master equation:
dU = T dS − pdV ⇒ (dS =

s
dU
= kβ ∑ εi dNi )v
T
i

(5.18)

the latter equation only holds for constant volume, is the consequence of the former master
equation. Now from the fact, that we speak of Boltzmann distribution (that the Lagrangian’s
derivative equals 0, because we maximize), follows that:
0=

s
∂ log(W )
∂ ln(W )
+ α − β εi ⇒ dS = k ∑(
)dni = kd ln(W )
∂ ni
∂ ni
i

(5.19)

for this, we used, that we have constant number of particles. This implies, quite strongly, that:
S = kln(W )

(5.20)

From this, substituting in W , it can be shown, that:
S=
.

U(T ) −U(0)
Ze
+ Nkln
T
N

(5.21)
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Kinetic theory of gasses and the equation of state

The state of a gas can be defined by the so called state variables: V,T,p,n. n and V are extrinsic
variables, as they are dependent on the quantity of the gas, T and p are intrinsic - they are same
in every part of the gas. A state equation can relate them to each other. Early experiments gave
the following results:
V = constant ⇒ p ∝ T
(5.22)
p = constant ⇒ V ∝ T
(5.23)
1
T = constant ⇒ p ∝
(5.24)
V
The gasses, which obeyed these properties, are denoted perfect gases. Follows, that for perfect
gases a state equation has the form:
pV = nRT ⇔ pV = NkT

(5.25)

where n is the molar quantity of the gas present, R is the Avogadro constant, N is the number of
particles present.
One, more deep lying and interesting consequence, however, that when combined with the statistical thermodynamics, i.e. with Boltzmann distribution, in which, to get the partition function, the QM picture was included, we will get a very important result. First, we introduce the
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Helmholtz energy, A, defined as
A = U −TS

(5.26)

Now we already know, that:
U(β ) = U(0) − (
S=

∂ lnQ
)v with U(0) = εgs N
∂β

U(T ) −U(0)
Ze
∂ lnQ
+ Nkln = −kβ (
)v + klnQ
T
N
∂β

(5.27)
(5.28)

After substituting in the canonical partition function for indistinguishable molecules into the
equations. Substituting these two into the Helmholtz-energy gives:
A(T ) = A(0) −

lnQ
β

(5.29)

We know, from their definition given above, that both S and U are state functions. Therefore,
A will be a state function as well. From the first law of thermodynamics, the following master
equation is easy to derive: dA = −pdV − SdT . Thus, after writing A as complete differential
(because it is a state function):
∂A
∂A
dA =
dV +
dT
(5.30)
∂V
∂T
From which, for the pressure, generally, we obtain, that:
p=

1 ∂ lnQ
(
)T
β ∂V

(5.31)

Now stop again - what we have, is an expression for pressure from the statistical picture, and the
laws of thermodynamics. But wait, we already have an expression for pressure. Equating these
two for a gas of independent molecules, i.e:
1 ∂ lnQ
nRT
(
)T =
β ∂V
V

(5.32)

Implies, I think, one of the most important relation, namely:
β=

1
kT

(5.33)

What this tells us? That it is a macroscopic variable, i.e. one we can easily measure, that governs
the most probable distribution of the system - the temperature. It is the consequence of the 0th
law of thermodynamics, that we can actually measure temperature. Now we can give, e.g. the
mean translational energy with temperature as well.
This experimental observation is explained by the kinetic theory of gasses, which however uses
the Boltzmann distribution. Thus the logic is: experiments imply the state equation, that helps
derive the Boltzmann distribution, which in turn allows the kinetic theory of gasses to explain
the initial experiments. However cyclic the argument is, it should not be discarded because:
gives many more predictions and seems indeed the way to describe perfect gasses. It does not
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really matter, how we get to it.
The assumptions are:
1. gas consists of particles, mass m, whose motion obeys classical mechanics 2. they are small
enough so that can be considered pointlike 3. they interact in elastic collisions. If these particles
are enclosed in a cubic container with size a, when they hit the wall, they will exhibit momentum
change, thus force, thus put pressure on the wall:
∆I = 2mvx ⇒ p =

1 v∆t
Ns 2mv
nMv2rms
6 N a 2mhvi
=
=
a2 ∆t
a2 ∆t
3V

(5.34)

The argument used is that out of N, only 1 sixth of N particles travel on average towards one
side with speed v, and we calculated the ratio of the particles, which from this 1 sixth N reaches
the wall in the time interval. A more rigorous proof lead to the introduction of the root-meansquared speed: v2rms = hv2 i. We now see that pV = constant. From the Boltzmann distribution,
the Maxwell-Boltzmann distribution of speeds follow, i.e. the probability that a particle has
v+dv:
M 3 2 −Mv2
f (v) = 4π(
) 2 v e 2RT
(5.35)
2πRT
This is an important result for many reasons: 1. from this:
v2rms = hv2 i =

3RT
⇒ pV = nRT
M

(5.36)

Worth noting, that thus the mean speed is inversely proportional with the square root of M, thus
heavier gasses diffuse more slowly - in accordance with experiments. Thus, the kinetic theory
of gasses can account for the behaviour of perfect gases. 2. it also predicts that:
vrel = (

8kT 1
)2
πµ

(5.37)

which can be used to derive the collision theory of reaction kinetics.

5.2
5.2.1

Laws of thermodynamics
The zeroth law

The zeroth law of thermodynamics postulates, that when two systems are thermal equilibrium
with each other, i.e. have equal temperature and therefore there is no heat flow between them,
and one of them is in thermal equilibrium with a third system, the other will be in thermal equilibrium with the third system as well. Mathematically, this says that temperature is transitive,
i.e.:
T (A) = T (B) ∧ T (B) = T (C) ⇒ T (A) = T (C)
(5.38)
We intuitively use this, among others when measuring temperatures.
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5.2.2
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The first law

Before proceeding, it has to be mentioned, that in thermodynamics we usually subdivide the
universe into two parts: the system of interest, where the changes occur, which we would like
to measure, and the surroundings. The first law states: the (internal) energy of the system
can be changed by work done on the system or by heat - and these two ways are equivalent.
Mathematically,
∆U = q + w
(5.39)
We have already seen, what is the internal energy. Work of any force on a given path is defined
by:
Z
B

w=

F(r)dr

(5.40)

q1 q2
Mm
r Fg = −γ 3 r
r3
r

(5.41)

A

Now the forces can be of many kind, e.g.:
Fe = −k

Now, independently of the nature of the force, from the definition of pressure, p = FA , if a force
is acting on the system (on the system can be managed only from the surrounding, so we denote
it Fext ), the work done by it on the system can be written as:
Z B

w=
A

Z V (B)

Z B

Fext dr =

pext Adr =
A

V (A)

pext dV

(5.42)

Heat is always transferred if there is temperature difference between the system (this is how
temperature is defined) - but no expression can be given for it, instead, it can always be deduced,
if expressed as:
q = ∆U − w
(5.43)
From this follows, that similar to the work, the heat transfer depends on the path taken as well.

5.2.3

The entropy and the master equation

Again, before stating the second law, we define a quantity, S, which we call entropy, by the
equation:
qrev
dS =
(5.44)
T
here, qrev denotes the heat transferred in a reversible process. Reversible processes are processes
which can be reversed by an infinitesimal changes of the variables. To understand this, imagine
a system, where the internal pressure is pi , and the external is pext , and the system is separated
from the surrounding with a mass and frictionless piston. Now, until pext > pint , the net force on
a piston will push it towards the system, and thus, as its volume changes, work will be done on
the system. Now, if we set pe xt only infinitesimally larger than pint , follows, that an infinitesimal
change in pe xt could result in pin becoming larger, thus the process of contraction becoming an
expansion.
Thus, in case of a contraction if pext = pin + d p, the contraction is reversible. Because the work
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done on the system depends on the external pressure, and for a change to occur, the external
pressure has to be, at least, infinitesimally, larger or smaller than the internal pressure, the maximum work done on the system in case of a contraction is done in the reversible process, and
similarly, the maximum work done by the system during an expansion is that of the reversible
process. The non-reversible processes are called irreversible. In the definition of entropy above,
we have the heat transferred during a reversible process.
Now, we have already proved/suggested a proof for the expression, that gives the entropy, as
defined above, in statistical terms:
S = klnW
(5.45)
From this, can be seen, that entropy itself is a state function. An other proof for this can be
given, which, however involves multiple steps (and the Carnot cycle, discussed later).
Using the convention stated earlier, this small entropy change can be decomposed into two parts,
if we define a system, as:
dSuniv = dSsys + dSsur
(5.46)
Also, this allows us to rewrite the first law of thermodynamics. For a small change in U, dU:
dU = q + w = (dU)rev = T dSsys − pin dV

because

pin = pext

(5.47)

This form of the first law is called the master equation.

5.2.4

State functions derived from U and S and the other master equations

Using the entropy, S, and the internal energy, U, as defined previously, we can introduce the
following new state functions:
enthalpy

H = U + pV

Helmholtz free energy
Gibb’s energy free enthalpy

A = U −TS
G = H −TS

(5.48)
(5.49)
(5.50)

Now the first law can be reformulated in terms of these, easily, using the above given master
equation:
dH = T dS − pdV + pdV + d pV = T dS + d pV
(5.51)
dA = T dS − pdV − dT S + dST = −pdV − dT S

(5.52)

dG = T dS + d pV − dT S − dST = d pV − dT S = dH − dT S − dST

(5.53)

Here, I have ommited the subscript in and sys , as from the first law, it is implied, that all quantities
refer to the system. The fact, that each of these is a state function, is quite useful, and is exploited,
as seen to expand it and get an expression for dF. A further property of these functions is that:
∂ 2F
∂ 2F
=
∂ xy
∂ yx
These are used to derive the Maxwell relations.

(5.54)
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Now, the second law of thermodynamics states, that for every change that is to occur:
dSuniv > 0

(5.55)

the changes, which fulfil this criterion, occur spontaneously (spontaneous processes) - we can’t
do anything against it. For changes, which does not fulfil this criterion, the only thing we can do
to make them happen is to ”couple” them to other, spontaneous processes, so that the change in
the universe becomes larger than 0, and voilá, together they can occur.
Now this expression is valid in each case, but in order to give dSuniv , we have to calculate, find out
the entropy change both of our system and the surroundings. This is not that practical, as we do
our measurements on the system, and we are interested in changes occurring there. Fortunately,
if our system is at constant pressure and constant temperature in thermal equilibrium with its
surroundings, it can be rewritten to include only quantities characterizing the system itself. The
derivation makes use of the first law (in its form of the last master equation), but apart from that,
is trivial: first, we can give G(S,T) as:
the second lawdSuniv = dSsys + dSsur = dSsys −

qsys
rev
>0
T

(5.56)

Using the state function nature of G, i.e. dG = dH − dST at constant temperature, we now have:
dSsys =

dHsys dG qsys
dH dG
rev
−
⇒
−
−
>0
T
T
T
T
T

(5.57)

The latter form of the second law, simplifies if the pressure is kept constant as well, because then
from the first law (in the form of the first master equation):
dH = (dH)rev = qrev − pdV + pdV = qrev ⇒

qsys
dG qsys
dG
rev
rev
−
−
=−
>0
T
T
T
T

(5.58)

The above relation, called the Clausius inequality for constant pressure, is the first and second
law combined, which gives the changes that can happen if the T and p are constant. It is, I think,
after Boltzmann’s distribution and the Schrödinger equation, the third most important expression
in chemistry. Again:
dG
> 0 ⇒ dG < 0
(5.59)
dSuniv = −
T

5.2.6

T = 0 and the third law

The Boltzmann distribution predicts, that at T = 0 the most probable distribution will be the one
with all of the particles in the ground state lowest energy state. For solids, this is usually a regular, uniform array. Nernst theorem says, that the entropy change accompanying any physical and
chemical transformation approaches 0 as the temperature approaches 0, if all the involved substances are perfectly ordered. Now Boltzmann distribution suggest S = 0 for indistinguishable
particles. The third law summarizes the two, by stating, that at T = 0, the entropy of all perfect
crystalline substances (elements, compounds) is 0 - because their transformation to each other
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has no entropy change. Boltzmann distribution alone is not equivalent with this statement, as in
certain cases W ¿ 1 at T = 0, and therefore S(0) ¿ 0: if two states can both be considered ground
states, as they have nearly the same energy. Ice, for example, has residual entropy, 3.4 J/mol K.
Nevertheless, this allows us to speak about absolute, or third law entropies, which are given with
respect to the ground state, where the entropy is 0. This is a difference with respect to energies
- there the ground state energy must not be considered 0.

5.3
5.3.1

Processes of interest
Measuring and change of thermodynamic quantities

So far, we have:
pV = nRT

dU = dST − pdV = q + w

(5.60)

relating states A and B. Each state is given by the state functions S and U, with which the other
state functions, H, A, G can be expressed. To give the temperature dependence of state functions,
we can further define:
∂U
= Cv
∂T

and

∂H
= Cp
∂T

(5.61)

the heat capacities. They are called like this, and carry the appropriate subscripts, because:
Z

V = constant ∆U =

Cv dT = q,

if Cv = constant ∆U = q = Cv ∆T

(5.62)

Cp dT = q,

if Cv = constant ∆H = q = Cp ∆T

(5.63)

Z

p = constant ∆H =

It is important to see, however, that the last two equation relating U, H and the C-s always hold,
as U, H are state functions. From the kinetic theory of gasses, among others follows that: From
this, the temperature dependence of entropy at constant pressure also follows:

dS =

qrev Cp dT
=
⇒ ∆S =
T
T

Z

Cp dT
,
T

if Cp = constant ∆S = Cp ln(

TB
)
TA

(5.64)
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To give the temperature dependence of G at various conditions, which mainly is of our interest,
we simply use the master equation and the complete differential form of G, now taken as function
of p and T:
∂G
∂G
dG = d pV − dT S
dG =
dT +
dp
(5.65)
∂T
∂p
From this results the Helmholtz-equation, that gives the dependence of G on T at constant pressure, obtained from differentiating G
T with T :
∂G
∂G 1
1
−S H
S
−H
T
=(
) − 2 (H − T S) =
− 2+ = 2
∂T
∂T T T
T
T
T
T

(5.66)

Also, using the same two relations, we can give the G’s dependence of pressure at constant
temperature:
∂G
= V ⇒ ∆G =
∂p

Z

V d p,

if V is independent of p ∆G = V (pB − pA )
Z

for ideal gases ∆G =

nRT
pB
d p = nRT ln( )
p
pA

(5.67)
(5.68)

We can, furthermore, define these state functions to processes, more precisely the change of these
state functions during processes, either physical or chemical changes. Therefore, we introduce
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molar quantities, for chemical purposes, e.g. Hm denotes the molar enthalpy of a substance. For
physical processes, we introduce specific quantities, e.g. Hs denotes the specific enthalpy, i.e.
enthalpy per kg of a substance.
Furthermore, we have seen that many of our calculations are valid only at a constant pressure
- therefore, we can define a standard pressure, 1 bar and we say that a substance is in standard
state if it is pure at 1 bar. The standard state is denoted by .
As the functions U, H, A, G, S are state functions, their change on the route from state A to B is
independent on the path taken. Equivalently, the sign of change reverses, if we go from B to A,
and also, for a cycle, i.e. where we get back to the starting material, the change is 0.
Then, we can define functions of processes to be:
∆ process F =

∑

F−

products

∑

F

(5.69)

starting material

This implies, that we always have to specify the quantity of the process to take place, e.g. give
the molar reaction enthalpy which implies that one mole of reaction has taken place and thus the
molar reaction enthalpy at standard state:
∆r H =

∑

νHm −

products

∑

νHm

(5.70)

reactants

for physical processes, we tend to use specific quantities instead, so the specific enthalpy of
sublimation is given as:
∆sub H = Hvapour − Hsolid
(5.71)
Hess’s law is just telling us the same - it does not matter, which way we go from A to B, the
change in the functions is specified by A and B, not by the route. This can be used to calculate
changes of processes, which are not elementary, i.e. we can’t give changes during them using
the formula above, simply by decomposing them into elementary processes.
One such useful elementary process is the return / start from a reference state. From an element,
we define the reference state as its most stable state at 1 bar (and given temperature). The (molar) standard enthalpy of formation of a compound is the enthalpy of the reaction when it forms
from its reference state elements, denoted as ∆Hm .
One last, but important note is, that these functions associated to processes, e.g. ∆mix H, ∆ion H, ∆ f H, ∆‡ H
depends similarly on the other state variables, e.g. transforms similarly with pressure, temperature etc. as the state functions themselves (they are state functions as well). Consequently, e.g
the change of reaction enthalpy with temperature, at constant, standard pressure.
∆r H (T2 ) − ∆r H (T1 ) =

Z T2
T1

∆rCp dT

(5.72)

νCp,m

(5.73)

where the molar reaction heat capacity is given by:
∆rCp =

∑

products

νCp,m −

∑

reactants

. These two are the Kirchoff equations - but nothing fancy, throughout every calculation, we just
apply that change in a state function from A to B is F(A) - F(B).
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5.3.2

83

”Elementary” processes and cycles

We know, that it doesn’t matter, which route we take from A to B, the change in the state
functions will remain the same. Therefore, even if the process doesn’t actually happen at these
conditions, it is useful to decompose the processes into elementary steps, calculate the changes
separately and sum the up to get the total. Their use lies in the fact, that a state variable always
is fixed. We should not forget that the relation pV = nRT is true only for ideal gases, but was
used to derive many other relations. If V = constant:
Z

∆U =

Cv dT = q,

if Cv = constant ∆U = q = Cv ∆T

(5.74)

If p = constant
w = −p∆V ⇒ ∆U = −p∆V + q

first law

(5.75)

∂ G −∆H
=
∂p
T2
∆S = Cp ln(

(5.76)

TB
)
TA

(5.77)

Z

∆H =

Cp dT = q,

if Cv = constant ∆H = q = Cp ∆T

(5.78)

if T=constant
∆U = 0 = q + w

∆H = 0

(5.79)

isoterm, reversible expansion of ideal gas
q = −w =

Z V2
nRT

V

V1

Z

∆G =

V d p,

dV = nRT ln(

(5.80)

V2
)
V1

(5.81)

if V is independent of p ∆G = V (pB − pA )
Z

for ideal gases ∆G =

pB
nRT
d p = nRT ln( )
p
pA

(5.82)
(5.83)

if q = constant
reversible process, ideal gas q = 0 ⇒ −dV p = dU = Cv dT = −

nRT dV
V

(5.84)

this yields after integration and rearrangement:
Tf
Cv
Vi
Vi 1
ln( ) = ln( ) ⇒ T f = Ti ( ) c
nR
Ti
Vf
Vf

with

c=

CV,m
R

(5.85)

we can use this to derive also the pressure change:
γ

γ

p f V f = piVi

with γ =

Cp,m
CV,m

(5.86)
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In fact, isentropic processes, for which S = constant, are those reversible, adiabatic processes. all
of these processes can be depicted on so-called phase diagrams, which will be discussed later.
On p-V diagrams, an isoterm, i.e. connecting the same temperature points decrease with p ∝ V1
whereas the adiabates connecting same entropy points decrease more rapidly, as p ∝ V1γ .
If with a sequence of processes, we return to the exact same state as we have started out with, we
speak of cycles. We already know, that the change in cycles in state functions is 0. If we depict
the cycles on pV diagram, the integral of the curve gives the work - therefore, if we proceed
counter-clockwise, the work done by the system is positive, thus we use these cycles as heat
engines. If we proceed clockwise, the work done on the system is positive, these cycles are heat
pumps. In the former case, we put in heat and extract positive work. In the latter, we put in work
to transfer heat from one reservoir to the other.
We can define the efficiency of heat engines as:
Wout
Qin − Qout
η(heatengine) =
=
(5.87)
Qin
Qin
The coefficient of performance for heat pumps which upon work input, Win , transfer heat to the
hot reservoir, Qhot or from the cold reservoir, Qcold :
∆Qhot
Thot
COPheat =
6
(5.88)
Win
Thot − Tcool
∆Qcold
Tcool
COPre f rig =
6
(5.89)
Win
Thot − Tcool
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There are various types of heat engines composed of 4 steps. In each step, from the first law, we
can calculate the work and the heat transferred. They are the principles of combustion engines,
where the heat input is provided by the combustion of the fuel and used to produce mechanical
work.
The Carnot cycle is composed of 1. isentropic 2. isotermal 3. isentropic 4. isothermal processes.
It can be shown, that its efficiency is the maximum efficiency possible (because of the second
law, i.e. not all heat can be converted into work):
ηmax = 1 −

Tcold
Thot

(5.90)

where the two temperatures are the temperatures of the reservoirs to which heat is given and
from which heat is taken.
po Most common to automobile engines is the Otto cycle, which describes the functioning of
the spark ignition engine. Here, in the intake process (1), air is succeed in at constant pressure
(isobaric expansion). Next, it is compressed (2) in an adiabatic stroke. Then, through the combustion of fuel, heat is added in an isochoric process (3). This is then allowed to expand in the
adiabatic, so called power stroke (4). Then, in last stage, heat is rejected at constant volume (5 exhaust). It’s efficiency depends at the compression rate:
η = 1−(

1

)
( VV12 )γ−1

with γ =

Cp
Cv

(5.91)

.

5.3.3

Thermochemistry and equilibrium

Now, so far we have dealt with pure systems. We have also derived, that for a process to occur:
dG < 0

(5.92)

if the pressure and temperature are constant. Now, in a mixture, we can define the chemical
potential, as:
∂G
µj = (
) p,T,n0 ⇒ G = ∑ ni µi
(5.93)
nj
i
I.e. it is the contribution of the species j to the total Gibbs free enthalpy of the system. As G is a
state function, we can write up the fundamental equation of chemical thermodynamics:
dG = V d p − SdT + ∑ dni µi

(5.94)

i

at constant pressure and temperature, the first two terms must vanish, which imply also that then:

∑ dni µi = 0

(5.95)

i

I.e. the components potential can’t vary independently from each other (Gibbs-Duhem equation). Now, this thread will picked up in the next chapter. Now we introduce an other quantity,
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the reaction Gibbs energy. We have defined the state functions of processes as the difference
between product and reactant state. The reaction Gibbs energy is defined differently, as:

∆r G = (

∂G
) p,T
∂ξ

(5.96)

i.e. it is the rate of change of the mixtures G during a reaction, with the reaction coordinate, i.e.
the extent of the reaction (e.g. % percentage of reactants reacted, because ∆n j = ν j ∆ξ ). We also
know that:
G = ∑ ni µi ⇒ dG = ∑ µi dni
i

∆n j = ν j ∆ξ

and

(5.97)

i

. Thus, evaluating these two expressions for the small change in Gibbs energy, we get that:
∆r G = ∑ νi µi

(5.98)

i

From the combined first and second laws, at constant temperature and pressure, we have, that
if the reaction Gibbs energy is positive, the opposite, if negative, the forward reaction proceeds.
If, however the reaction Gibbs energy is 0, no reaction happens / no change in the composition
of the system, and this state is called equilibrium:
∆r G = ∑ νi µi = 0 and

µ = µ + RT lna

(5.99)

i

The latter equation is justified in the next chapter, but main point is, we have introduced the
activity, to use, instead of the chemical potential. Now, substituting this back, we have the most
general expression for the reaction Gibbs energy:

∆r G = ∆r G + RT lnQ

Q=

with

∏ products a
∏reactants a

(5.100)

From this, at equilibrium, we have that:

∆r G = −RT lnQe = −RT lnK

with

K=

∏eproducts a
∏ereactants a

(5.101)

The LHS, the standard Gibbs energy of the reaction, can, as usual, be calculated using the usual
product-reactant rule:
∆r G = ∑ νi µi = ∑ νi ∆ f Gi
i

i

(5.102)
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From this follows, that at the value of K depends only on the temperature, T. It’s dependence can
easily be derived, using the Helmholtz equation gives the van’t Hoff equation and its integrated
form:
dlnK ∆r H
∆r H 1
1
⇒ lnK2 − lnK1 = −
=
( − )
(5.103)
2
dT
RT
R T2 T1
Now the thermodynamic K, as given above, with activities, can be expressed with other units,
and this can explain the effect of pressure and concentration changes on equilibrium.
Last thing to emphasize, thus remain the different forms of K. The thermodynamic K, as given
with affinities is always dimensionless, as we obtain the activities by dividing a quantity by a
standard of that quantity. For gasses, that is p = 1 bar, for solutions, that is c = 1 M. Thus,
p
in solutions, we can introduce Kc , as asol u ccsol , and in gas phase reactions, Kp , as agas u pgas .
Important to see, that they both have to be multiplied or divided by the standard, to get the
thermodynamic K. Consequently, however, they too depend on temperature only. Lastly, we can
introduce Kχ , containing the molarities of each reactant. This, however, is not constant, for gas
phase reactions, or reactions involving gas phase (ideal gases), for example, depends on the total
pressure. Thus, for an arbitrary reaction:
aA+bB

cC+dD⇒K=

aCc adD
aaA abB

(5.104)
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if the reactants and the products are gases:
Kp =

pCc pdD
⇒ K = Kp ? (p )a+b−c−d
paA pbB

(5.105)

further, if they are ideal:
Kp =

χCc χDd
? (ptot )c+d−a−b ⇒ K = Kχ ? (ptot )c+d−a−b ? (p )a+b−c−d
χAa χBb

(5.106)

if the reactants and the products are solutes in an ideal solution:
Kc =

cCc cdD
⇒ K = Kc ? (c )c+d−a−b
caA cbB

(5.107)

.

5.4

Description of phases and mixtures

In this section, everything is applied that we have dealt with previously, to describe actual material systems. First, those of pure substances, than those of mixtures.

5.4.1

Phase diagrams of pure substances

Phase = region of matter, that has both the same chemical composition and physical state. For
example, therefore a gaseous mixture is 1 phase, so is a fully mixed liquid. At phase transition,
at a given pressure at a constant T, the phase is transformed into an other phase. This implies
that two phases must be present, in equilibrium at the phase transition T(p). Now, if a substance
with µA is transformed into a substance with µB , as we have seen before, dG = (µB − µA ). This
implies, that in equilibrium, where G does not change, the chemical potential must be the same
throughout the material. In our case, at the phase transition (p,T), the chemical potential of both
phases must be equal.
On a phase diagram, we depict these (p,T) combinations with lines - and the regions enclosed
by them are regions, where only one of the phases is stable (has lower chemical potential - see
above equation).
We can distinguish two cases. If the liquid is in closed vessel, the vapour pressure is the partial
pressure of a vapour that can coexist in equilibrium with the liquid at a given temperature. This
can happen, because the vapour has the same chemical potential as the liquid at the (p,T) - along
the phase boundary.
In an open vessel, with external pressure, the liquid slowly evaporates, because the vapour diffuses away. But it will always have the vapour pressure above it (partial pressure in the gas
mixture). Boiling of the liquid occurs at the temperature, when this vapour pressure (as seen
on the phase diagram) reaches the external pressure - then vaporize from the inside as well (i.e.
bubbles can form inside - mechanism not detailed here). The standard boiling point is described
the temperature at which boiling occurs at 1 bar, the normal is at 1 atm. For melting/freezing
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similarly: melting occurs when the potential of solid and liquid are equal, at that (p,T). The
normal and standard melting points are nearly the same. The critical point is the lowest melting
point - i.e. where all phases coexist.
In the closed vessel, boiling won’t occur - the density of the vapour increases, that of liquid
decreases, until the critical temperature is reached, when these two are equal, and the so-called
supercritical fluid fills the vessel - at this point, the pressure is called the critical pressure.
For one system, multiple phases can exist - e.g. multiple solid phases for ice. Now the phase
rule tells us the number of variables we can vary without changing the number of phases that
can coexist.

F =C−P+2

(5.108)

Here, F is the number of intensive variables which can be varied without changing the number
of phases in equilibrium. C is the number of chemically independent chemical species present in
the system and P is the number of phases. The proof is beautiful: to specify the composition of
a phase, we must give C-1 independent mole fractions. In P phase, we have P(C-1). Other two
independent intensive variable we have are the T, and p - thus P(C-1) + 2 variables to describe
the system. At equilibrium, the chemical potential of a given component must equal in each
phase, which means P-1 equations for each component. Each of these, of course, reduces the
number of independent intensive variables (because they give a dependency) by one. Thus, the
total independent intensive variable is:

F = P(C − 1) + 2 −C(P − 1) = C − P + 2

(5.109)

This, for example, justifies the presence of only a triple point, characterized by a fixed T and p
but no quaternary point, for a single component system.
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Now, the location phase boundaries can actually quite easily be described mathematically by the
Clapeyron equation. This can be derived from the equality at phase and from the condition, that
along the phase boundary, it should remain equal for small change dp and dT:
Vm (A)d p − Sm (A)dT = Vm (B)d p − Sm (B)dT ⇒ ∆trs SdT = ∆trsV d p ⇒

dp
∆trs S
=
dT
∆trsV

(5.110)

This equation for the solid boundaries takes the following form, and integrates to:
∆ f us H
∆ f us H
T
dp
=
⇒ p = p? +
ln( ?
dT
T ∆ f usV
∆ f usV
T

(5.111)

if the melting occurs at T ? when the pressure is p? . For the boundaries, where the product is a
gas, we can neglect the volume change in the other phase, and write Vm = ∆trsV :
d p ∆trs H
p∆trs H
dln(p) ∆trs H
=
=
=
⇒
2
dT
TVm
RT
dT
RT 2

(5.112)

This, then integrates to yield the famous Clausius-Clapeyron equation:
ln(

p
∆trs H 1
1
)=−
( − ?)
?
p
R T T

For vaporization, ∆trs H = ∆vap H, for sublimation ∆trs H = ∆ f us H + ∆vap H.

(5.113)
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Mixing of gasses

We have already introduced the quantity chemical potential, seen that for pure substance, it is
equal to the molar Gibbs energy. We have also seen, how the Gibbs energy varies with pressure,
in case of gases. From these:
µj = (

∂G
) p,T,n0 = Gm
nj

Gm = Gm + RT ln(

and

p
)
p

(5.114)

results the chemical potential of perfect gases as:
µ(p) = µ + RT ln(

p
)
p

(5.115)

If we have two gasses, and mix them, we can thus easily calculate the Gibbs energy of mixing.
Just calculate the partial pressure of the gasses in both the separated and the mixed state, use the
following formula to calculate then their Gibbs energies and the take the difference.
G = ∑ ni µi ,
i

if initially all at p ∆mix G = ∑ ni RT ln
i

pi
p

(5.116)

For perfect gasses (those, which obey pi = χi ptot ), the last equation can be rewritten as:
∆mix G = nRT ∑ χi ln(χi )

(5.117)

i

at constant T and p, the entropy and the enthalpy of mixing can be calculated easily:
∆mix S = −(

∂ ∆mix G
) p = −nR ∑ χi ln(χi ) ⇒ ∆mix H = 0
∂T
i

(5.118)

It is crucial, however, that these last three expressions are derived only for the equal initial
pressure case. If the initial pressures are not equal, we have to calculate the Gibbs energies
using the potentials in both the mixture and the pure states and the subtract them from each
other. Then we get the entropy by dividing with the temperature and taking the minus sign.

5.4.3

Mixture of liquids

To calculate the chemical potential of a liquid, i.e. its molar Gibbs energy contribution to the
total Gibbs energy, we only have to use the fact, that at equilibrium, it must equal to that of the
gas phase (otherwise - change would happen until they are equal towards the decrease of G).
µ ? (l) = µg + RT ln(p? ) and

µ(l) = µg + RT ln(p)

(5.119)

For the pure and mixture states, respectively, if p always is the partial pressure in the gas phase.
Combining these two yields then:
µ(l) = µ ? (l) + RT ln(

p
)
p?

(5.120)
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Now we have two kinds of important solutions: ideal solutions are those which satisfy:
µ(l) = µ ? (l) + RT ln(χ) ⇒ p = p? χ

(5.121)

for both the solute and the solvent. In ideal-dilute solution the solvent can be treated as ideal,
whereas the solute obeys the Henry law:
psolute = χsolute Ksolute

(5.122)

where K is a Henry-constant, but not necessarily equal to the pure state vapour pressure of
the substance. Here, we should not forget, that the latter quantity, of course is temperature
dependent.
Thus, the mixing state functions can be calculated similarly from now on, as we did in the
case of gases. Just use the following two relations for the Gibbs energy change and entropy,
respectively:
∂G
∆mix G = ∑ ni µi − ∑ ni µi? and S = −(
)p
(5.123)
∂T
i
i
for ideal solutions, these yield exactly the same form equations as we obtained for gases:
∆mix G = nRT ∑ χi ln(χi )

(5.124)

i

∆mix S = −(

∂ ∆mix G
) p = −nR ∑ χi ln(χi ) ⇒ ∆mix H = 0
∂T
i

(5.125)

Now, we can see, that the Gibbs energy of a solution is different from the Gibbs energy of its
components in pure state. This has paramount effect, here discussed, on three properties: on
their boiling point, freezing point and the ability to dissolve solutes.
Now, at a given pressure, a pure liquid boil at the temperature, where its chemical potential
reaches the chemical potential of the gas phase at that pressure and temperature.
Now, for dilute solutions, we consider boiling, when the solvent starts boiling. The solvent has
chemical potential:
µ(l) = µ ? (l) + RT ln(χ)
(5.126)
Now we can relate this to ∆vap H using the Helmholtz-relation (after equating the potential to
∆vap G because we are at the boiling point) and replace χsolvent with χsolute using that they add up
to 1. Then, algebra yields, that:
R(T ? )2
∆Tb =
? χsolute
(5.127)
∆vap H
The exact same derivation and reasoning leads to the expression for the change in freezing
point. Here, we equate the solvent chemical potential to the Gibbs energy of fusion, instead of
vaporization (of course, everything is molar quantity). Thus, we obtain, that:
∆T f =

R(T ? )2
? χsolute
∆ f us H

(5.128)
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Special care should here be taken on the sign of the denominator. Lastly, the solubility of a
solute, depends on temperature, to see the dependence, we have to recognize, that saturation
occurs if the chemical potential of a pure solute is equal to that of in the solution - i.e. no more
change happens which would dissolve more solute. From this, follows that:

?
?
µsolute
(s) = µsolute
(l) + RT ln(χsolute )

(5.129)

As this is the same equation as we had for the freezing point depression, but featuring the solute
instead of the solvent, we can express the temperature dependence easily (equate to fusion Gibbs
energy, plug into Helmholtz, rearrange and integrate):

ln(χsolute ) =

∆ f us H 1
1
( − )
R
Tf T

(5.130)

We have thus seen, that mixing liquids can confer them interesting properties - not just in the
case of reactive mixtures, as dealt with in the last section.

5.4.4

Phase diagrams for binary systems

Now, for binary systems and mixtures overall, three main types of diagrams are of special interest for us: the vapour pressure diagrams, the temperature-composition diagrams and the liquidliquid phase diagrams.
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On vapour pressure diagrams, the total vapour pressure of the mixture is depicted as a function
of the composition, i.e. mole fraction of one of the components, say A (χA ). For ideal gases, we
can use Raoults law to give the equation of line:
p = pA + pB = χA p?A + (1 − χA )p?B = p?B + (p?A − p?B )χA

(5.131)

with this, we can also give the composition of the vapour:
yA =

χA p?A
pA
= ?
p
pB + (p?A − p?B )

and

yB = 1 − yA

(5.132)

And we can also give the total vapour pressure as function of the composition, if we express χA
from the above equation:
χA =

p?B yA
?
pA + (p?B − p?A yA

⇒ p = p?B +

(p?A − p?B )p?B yA
p?A p?B
= ?
?
?
?
pA + (pB − pA yA
pA + (p?B − p?A )yA

(5.133)

On the temperature - composition diagrams, on the other hand, we plot the temperature as the
function of the mole fraction of A, χA . Simultaneously, we plot the temperature as a function
of mole fraction of A in the gas phase, yA as well. The above line will be the vapour line, the
bottom one the liquid line. Sometimes, we simply put that label zA on the x axis and we know,
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that it means either liquid or vapour molar fraction.
To understand the graph, we consider an isopleth, i.e. a vertical line. Below the liquid line,
the points corresponding to a liquid phase, above it to a vapour phase. Now, on the liquid
line, the liquid boils - by drawing a horizontal line, we can see what is its vapour composition
at that temperature (use that with the info above to calculate other quantities). Now as the
temperature is raised further, the boiling continues, and the composition of liquid will change,
containing more and more A, in equilibrium with a vapour pressure, that will contain less A, but
whose A content will also increase (always corresponding to horizontal line crossing the two
graphs). Once the vapours A content reaches the mixtures starting A content, we know, that it
has evaporated. During distillation, one wants to get out the pure one component - not simply
evaporate the mixture. Therefore, the vapour is separated (containing more of the volatile),
condensed, heated to boiling, and then again, its vapour is separated (will contain even more of
the volatile), condensed, boiled..., this way, finally, if the curve has no inflexion points. To follow
the path, just draw: a vertical line, find the liquid intersection. Then a horizontal line, to find the
vapour composition, from here, a vertical, do find the liquid composition of the condensed, from
here a horizontal, to find the vapour composition of the new vapour etc. In azeotropes, the two
curves touch - therefore, only that composition can be reached with distillation. In high-boiling
azeotropes, the liquid composition remains constant, in low boiling ones the vapour.
Furthermore, we can use the lever rule, to give the fraction of the components in the vapour and
liquid phases:

nL (zA − χA ) = nV (yA − zA )

(5.134)

Where the n-s denote the total amount of molecules in the liquid. Thus, their ratio can be calculated for every T point. There is only a trace of vapour present (just for the equilibrium), when
we are on the liquid line, and only a trace of liquid, if we are on the vapour line.
Lastly, the liquid-liquid phase diagrams are useful e.g. for partially miscible liquids. They are
actually temperature-composition diagrams. We can imagine that at a certain T, above a certain molar fraction of say B, it will saturate A and form a separate phase, if new is added. As
more B is added, the compositions of the phases change, and eventually, we end up again with
a one-phase system, where B can be considered the solvent. We can, for every χB , graph the
temperature, which corresponds the saturation temperature for that very molar fraction - this will
give the composition of the first phase.
The composition of the second phase can be graphed as well. Now on this temperature-composition
graph, the enclosed region again corresponds to a 2 phase state, where their amounts can be obtained using the lever rule. Above, or if is like that, below the critical points, only a one-phase
system exist at any temperature, meaning, that the compound of interest, B is miscible with A in
any ratio.
We can generalize the interpretation of such graphs to any other phase diagram: we should always start following either a horizontal and vertical line, and see what happens. Each point will
correspond to a state of the system.
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Activities

Activities are of big importance, because with them, we render our equations appropriate for
not ideal solutions, gases. The strategy is clear: we write expression of an ideal solute, solvent,
perfect gas chemical potential with its molar fractions, and then rewrite it with activity instead
of molar fraction. First, we write the activity of a solvent, not necessarily obeying Raoult’s law
as:
pA
µA = µA? + RT ln(aA ) but we also have µA = µA? + RT ln( ? )
(5.135)
pA
the latter expression is true, of course (as to derive it, we only used the perfect gas state equation
and the fundamental state function expressions) both for real and ideal cases, yielding that for a
solvent:
p
a= ?
(5.136)
p
For an ideal-dilute solute, also, we can write and rearrange:
µB = µB? + RT ln(

KB χB
) = µB + RT ln(χB )
p?B

(5.137)

and thus define the activity as deviation from the ideal-dilute case:
µB = µB + RT ln(aB ) ⇒ aB =

pB
KB

(5.138)

An other way of defining activity is with molalities:
µB = µB 2 + RT ln(

bB
bB
) ⇒ aB = γ
b 2
b 2

(5.139)

For gases, activity is given the name fugacity, and give as:
f = γp

(5.140)

where the γ is the fugacity coefficient. Thus, again, main point is that activity is the measure
of deviation from standard or ideal behaviour. (in gases - from perfectness). Therefore, we can
also approximate it in not extreme cases: For solids, activity is always 1 (exact), as follows from
the activity definition (solid is always solid). For dilute solution, we can use: cc with standard
1 Mol. For gasses, we can use: ppi , with standard 1 bar. It is crucial not to forget the division by
the standard.

Chapter 6

Electrochemistry
Now I have entitled this chapter electrochemistry. This is a chapter, because this doesn’t really
fit in content to any of the previous chapters. I think, however few the information covered here
is (basically, 1 equation), this might turn out to be important (as most of the interdisciplinary
fields of fundamental research) in the future. Now it is important, because electrochemical cells
can provide a direct measure of the cells reaction Gibbs energy, not only the standard one - i.e.
monitor the extent of a reaction.

6.1
6.1.1

Electrochemical cells
Composition and representation

An electrochemical cell consists of two electrodes which are in contact with an electrolyte.
They both are conductors, the former are metallic, the latter are ionic. They together comprise
the electrode compartment, which can be the same for the two electrodes. If, however, they
are separate, then a salt-bridge has to connect the electrolytes - allowing ion flow and reduction of junction potentials (to render measurements accurate). Now, being conductors, each
electron either can provide electrons or withdraw electron from reactions, therefore so-called
half-reactions can happen at the electrodes. On metal/metal ion electrodes, a soluble metal ion
is reduced. On gas electrodes, either a gas is oxidized or a dissolved compound is reduced to
gas. On metal/insoluble salt electrodes, an insoluble salt is reduced to metal and soluble anion.
Lastly, on redox electrodes, the electron reduces one soluble form to an other. In whatever direction it proceeds on electrodes, it is a convention, to write half-reactions always as reductions
- and to define the quantities characterising them for such a direction.
Thus, in an electrochemical cell, two half-reactions can happen. One must be reduction, taking electrons from the other, which is oxidation. If these two process happens spontaneously
(∆r G < 0), we speak of galvanic cells, if the desired process happens upon energy input, of
electrolyte cells. A further convention applies for writing the so-called cell-diagram: to the left
hand side, we write the electrode, at which the oxidation is expected to occur, on the RHS the
electrode, on which we expect reduction. We than calculate G for this setup, and can conclude,
whether it will proceed spontaneously in this direction or not (more on that, later). The elec97
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trodes are depicted as:
0. always write up the half-reactions, and from the the net equation for which we write the
diagram 1. solid phase goes always to the side 2. | means interface either between components
.
or phases, .. means liquid junction, k mean an interface where the junction potential has been
eliminated - preferably, between electrolytes. 3. we always have to depict every information,
i.e. phase, concentration, pressure of the give phase needed to calculate the activities of the
reactants, products of the half reaction. For example:

6.1.2

Pt(s)|H2 (g)1bar|HCl(aq)1MkKCl(aq)0.1M|AgCl(s)|Ag(m)

(6.1)

AgCl(s) + H2 (g) → Ag(m) + HCl

(6.2)

Thermodynamics of cells

If a reaction proceeds in a cell, that drives electrons from one electrode to the other. This means,
it does work on those electrons. This work is proportional to the potential difference (voltage)
between the two electrodes, thus if we measure the potential difference at appropriate conditions
- i.e. at a constant composition and without any current flowing - we can deduce the work that
the cell can do on the electrons. But we also know, that the maximum non-expansional work
that a system is capable doing is equal to the change in its Gibbs energy upon that process (not
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derived here, can be shown though easily). From this:
dG = ∆r Gdξ = dwe = qU

(6.3)

Now, the charge that travels for an infinitesimal change dξ in reaction coordinates is given by
−νFdξ where e is the charge of 1 electron, and -F is the charge of 1 mole of electron, the
Faraday constant. Furthermore, we denote the voltage as Ecell . Substituting these in, cancelling
the reaction coordinate, yields:
∆rG = −νFEcell
(6.4)
Now from this non-trivial result, we can derive each relation easily. The main point here, that
the cell-potential is equivalent to the Gibbs energy of the reaction, from which follow the Nernst
equation:
∆r G = ∆r G + RT ln(Q) ⇒ Ecell = −

RT
∆r G RT
−
ln(Q) = Ecell −
ln(Q)
νF
νF
νc F

(6.5)

in case of equilibrium (∆rG = 0 ⇒ E = 0), this takes the form:
Ecell =

RT
ln(K)
νF

(6.6)

This relation is of fundamental importance, as it allows us to measure the equilibrium constant
by determining the value of Ecell . We only have to create a standard mixture and measure its
voltage/cell potential. Moreover, we can determine the standard reaction enthalpy and entropy:
dEcell
∆r S
=
dT
νF
∆r H = −νF(Ecell − T

6.1.3

(6.7)
dEcell
)
dT

(6.8)

Half-reactions and standard electrode potentials

We can only measure the potential difference between two electrodes, i.e. Ecell , not the potential
of the individual electrodes (denoted as ε). We can, however, define an arbitrary 0 potential and
relate all the other electrode potentials to it. Our chosen standard is the hydrogen electrode:
H+ + e− →

1
H2
2

Pt(s)|H2 (g) 1bar|H+ (aq) pH=0

ε =0

(6.9)

Because the cell potential of an electrochemical cell can be given as:
Ecell = ε(R) − ε(L)

(6.10)

The standard potential of the other electrodes is the Ecell measured when it constitutes the RHS
and the standard hydrogen electrode the LHS. From this follows, that for the half reactions
electrode potential, a modified form of the Nernst equation holds:
ε =ε −

RT ∏reduced a
ln
νe F ∏oxidized a

(6.11)
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To get the Nernst equation, we first have to ensure that the number of electrons match both for
the LHS and RHS reactions, then, we can subtract them from each other to get the cell potential,
as written above.
We can, thus calculate the Gibbs energy change of the half-reaction as well from its electrode
potential, using the same formula we have used for cell potentials. This is very important, because the Gibbs energy is additive, but the electrode potentials of course, are not, and this can
be used to calculate the electrode potential of electrodes, as discussed in the next section.
But generally, the picture is important: if one electrode has higher electrode potential than the
other, then if we put it on the RHS of our cell, i.e. it gets reduced, and the other on the LHS,
i.e. to be oxidized, than the cell potential of this cell will be positive, and the RHS indeed will
take electrons from the LHS spontaneously. We can, of course write them in the reversed order but then the cell potential will be negative, suggesting that the reaction Gibbs energy is positive,
i.e. the reversed process happens spontaneously. Changes will happen until the two electrode
potentials become equal, equivalent to the the Gibbs energy becoming zero of the reaction. This
case is important, discussed in the Analytics section.

6.2

Electrochemical diagrams

Diagrams are useful way of representation - nothing new is depicted on them, but we can see the
relationships.

6.2.1

Latimer diagram

On Latimer diagram, the different oxidation states of a compounds are depicted in a horizontal
line. It includes the electrode potentials, ε(A/B) for the electrode reactions A → B if A and B
are oxidation states of the compounds. It is important to note, that these are written for a given
T, pH or other circumstance. If we know ε(A/B) and ε(B/C), using the state function nature of
the Gibbs energy, we can calculate ε(A/C) as follows:
∆r G(A/C) = ∆r G(A/B) + ∆r G(B/C) =

(6.12)

= −F[ν(A/B)ε(A/C) + ν(B/C)ε(B/C)] = −Fν(A/C)ε(A/C)

(6.13)

⇒ ν(A/B)ε(A/C) + ν(B/C)ε(B/C) = ν(A/C)ε(A/C)

(6.14)

to calculate the electrode potentials for other conditions, we use the Nernst equation, as given
above:
RT ∏reduced a
ε =ε −
ln
(6.15)
νe F ∏oxidized a
where the activities are divided by the actual standard in the last term - so we include only
deviations from standard.
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Forst diagram

On Forst diagram, the reaction Gibbs energy of O → A divided by F is depicted, where O denotes the 0 oxidation state form, as a function of the oxidation number, N. Basically, we have a
function:
∆r G(O/A)
= −νε(O/A) = ±Nε(A/O)
(6.16)
F
It is + if the oxidation number is positive, it is -, if the oxidation number is negative. Therefore,
the higher one species with positive oxidation state is, the higher is its ε(A/O). The higher it is
therefore, the stronger oxidizing agent is the given species (we defined reference state as the neutral one). We can use the formula derived in Latimer diagram subsection, to calculate ε(A/B).
Furthermore, we can easily spot the species prone to disproportionation. It will spontaneously
happen, if:
E = ε(A2 /A3 ) − ε(A1 /A2 ) > 0 ⇒
(6.17)
If we carefully substitute in ε(Ai /O) using the derived relation (careful about oxidation numbers,
signs), we get that a species will disproportionate if it is found in a hill to its two neighbours.
Similarly, if a triangular shape is present, the two side ones will comproportionate to the middle
one.
However, it is crucial to see, that this gives only the possibility - kinetics can play an important
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role, determining the rate of the conversions. By depicting it for multiple pH-s, we can read down
the number of H-s involved in the reaction, by comparing the change caused by pH: 0.059m/n
difference per pH unit if m is the number of protons involved, n is the oxidation number (signed).

6.2.3

Pourbaix diagrams

Lastly, on Pourbaix diagrams we depict the electrode potential of a give reaction as a function
of the pH. If a half-reaction involves νH hydrogen if written up properly, the electrode potential
depends on pH as:
RT
RT ν
ε =ε −
ln[H] ? ν = K +
? pH
(6.18)
zF
zF ? log10 e
i.e. will be a straight line. We plot this for multiple neighbouring oxidation states. Also, usually
two decreasing lines, for the ε(H/H2 ) and ε(O2 /H2 O) is depicted. Thus, at a given pH, we can
say which oxidation state will be the most stable. Furthermore, we can tell whether a compound
will be stable in water or not at a given pH - if it lies between the two water lines, it will (logic
can prove it). Also, from this diagram we can say that which form / oxidation state can be stable
in an an environment with a given potential - those which lye above the given potential at the
given pH.
Furthermore, at a given oxidation state, the form of a material might also depend on pH, even if
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no electrons are exchanged during the interconversion. These boundaries, i.e. when both have
the can exist together in equilibrium, is depicted as vertical lines.
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Chapter 7

Chemical kinetics
7.1

Elementary processes

7.1.1

Description of reactions

Reactions have multiple features. If we take the arbitrary reaction:
aA

+

bB→cC

+

dD

(7.1)

It is an elementary reaction if it happens in one collision, it is complex, if it happens in multiple steps. The elementary reactions can be according to their molecularity: unimolecular (one
particle, molecule disintegrates, changes conformation), bimolecular (two particles, molecules
collide) and termolecular (very rare, 3 molecule, particle collision).
The rate of a reaction is defined as the number of reactions occurring per unit time:
r=

dξ
dt

(7.2)

This can be related to the quantity change of the reactants or products as:
r=

dξ
−1 d[A] −1 d[B] −1 d[C]
1 d[X]
=
=
=
=
dt
a dt
b dt
c dt
νx dt

(7.3)

Here with the [], any measure of quantity is denoted. For solution reactions, we tend to use
concentrations, for gas phase reactions the pressures, and for surface reactions the moles per
surface area.
This might depend on the actual concentration both of the reactants and the products. If it is
proportional to some power of the reactants, products, the power is the order of the reaction with
respect to the given species and the sum of orders gives the order of the reaction:
r ∝ [Xi ]χi ⇒ ∑ χi = order

(7.4)

i

The order of proportionality is called the rate constant and denoted as k. It is an experimental
observation and later confirmed by theory as well (see collision theory) that if the reaction is
105
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elementary, it’s rate can always be written as:
r = k[A]α [B]β ... for

a A + b B + ... → C

(7.5)

The units of k has to be determined from the units of the rate and from the concentration units
used on the RHS.
It is important, that for elementary reactions, the rate law can always be written in this form, but
this form does not imply elementary reaction, can merely be the consequence of multiple steps.
This means, however, that if the rate law is not of this form, we have to deal with a complex
reaction.

7.1.2

Rate laws and half lifes

If the rate law has the above form (not necessarily elementary reaction, but then always) we can
use its expression with the concentrations of the involved species, to derive integral rate laws in
simple cases. Let me denote the order by o. If o = 0, zeroth order reaction, the differential form
of the rate law:
−d[A]
r=k=
(7.6)
dt
this integrates to:
[A]0
(7.7)
[A] = [A]0 − kt ⇒ t 1 =
2
2k
Here, the half-life is defined as the time which it takes for the half of the reactants to react.
Zeroth order reactions have constant rate, and therefore, as the amount of reactants decrease,
their half life decreases as well. At a certain time, all reactants will be transformed and the
reaction stops. The elementary reaction that produces produce zeroth order law:
A → products

(7.8)

if it does not involve collision, e.g. conformational change. If the reactions is first order, o = 1
with respect one of the reagents, we can write:
r = k[A] =

−d[A]
dt

(7.9)

which integrates to:
ln([A]) = ln([A]0 ) − kt ⇒ t 1 =
2

ln(2)
k

(7.10)

or equivalently:
[A] = [A]0 e

−kt

= [A]0 2

−t
t1
2

(7.11)

The rate of a first order reaction depends on the reactant, thus decreases as the reaction proceeds.
A useful property of the first order reactions, that any scalar multiple of the concentration, i.e.
every quantity that is proportional to the concentration satisfies the above equation as well,
because the logarithm of product can be written as sum. Therefore, to determine the k, it is
enough to measure and plot a quantity proportional to [A], e.g. absorbance.
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All radioactive processes are first order reactions, as proved there, and therefore follow the
first order kinetics. Apart from that, elementary reactions have first order kinetics if they need
collision, e.g. to acquire the necessary activation energy. These involve isomerizations of double
bonds, for example:
A→B
(7.12)
For o = 2, i.e. second order reactions, the case is complicated, as there are two cases. For pure
second order reactions, the rate is given as follows, which allows us to write the differential rate
law:
−1 d[A]
r=
= k[A]2
(7.13)
2 dt
integrating this expression yields, again, the integral rate law:
1
1
1
1
=
+ 2kt =
+ k0t ⇒ t 1 =
2
[A] [A]0
[A]0
2k[A]0

(7.14)

Elementary reactions of the form:
A + A → products

(7.15)

always follow this kinetics. It might happen, that the differential rate law takes the form (not for
2
elementary reaction): r = − d[A]
dt = k[A] , in this case ,the same formula apply, just without the
factor of 2. However, it might also happen that the rate law is:
A + B → products ⇒ r = −

d[A]
= k[A][B]
dt

(7.16)

for example as the result of the elementary reaction depicted above. In this case, the integrated
rate law is obtained to be:
[B]
( [B]
)
ln[ [A]0 ] = ([B]0 − [A]0 )kt
(7.17)
( [A]0 )
In these and similar cases, however, when one of the reactants is in big excess, i.e. it won’t
change significantly during the reaction, we can simplify this rate law ([A]0 is negligible compared to [B]0 and the [B] can be considered equal to [B]0 ):
ln[

[A]
] = −[B]0 kt = −k pseudot ⇒ r = k pseudo [A]
[A]0

(7.18)

I.e. the equation simplifies to a so-called pseudo-first order case and can be investigated similarly
to first order kinetics. It is crucial to see, that the form of the differential rate law imply the
integrated rate law. Therefore, it is a good strategy to write up the differential rate law first,
either from the knowledge that it is an elementary reaction, or from other sources (radioactivity,
or complex rate laws), and then integrate it. If we are interested in the change of the products
concentration, we can express it easily using the reaction stochiometry, for example:
a[A] → p[P] ⇒ [P] = [P]0 + ([A]0 − [A])

p
a

(7.19)
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The concentration of the reactant can be calculated using the integrated rate laws. It is important
to see, that the three types are easily recognizable because they yield a linear plot if the concentration, the log of concentration and if the reciprocal of the concentration is ploted with time.
From the gradient, we can even determine k.

7.1.3

Collision theory and activation energy

Experimentally (see Measurement techniques section) it was found that within a certain temperature range, for elementary reactions k satisfy:
1

k ∝ e −T ⇒ k = Ae

−Eact
RT

(7.20)

where A is called the preexponential factor and Eact the activation energy of the reaction (Arrhenius equation). The activation energy for an elementary reaction is the energy, that the individual
molecules, particles need to possess, in order to be able to undergo the reaction. If the reaction
is composed of multiple steps, but still can be brought into the product form given above, this
relation still holds, as we can express the observed rate constant with the rate constants of the
individual reactions. Then, the activation energy although looses its physical meaning, still can
be calculated:
r
r
k3
A3
1
1
k = k1 k2
⇒ A = A1 A2
Ea = E1 + E2 + E3 − E4
(7.21)
k4
A4
2
2
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From these expressions, we can see, that the overall rate of a reaction is determined by the value
of the activation energies. The largest activation energy has the largest effect. The step, therefore, which has the largest activation energy, is called the rate determining step. One possible
explanation for the form of the rate constant, k, is given by the collision theory which argues,
that for a reaction to occur, a collision with necessary energy and right orientation has to occur.
Therefore, the rate constant is predicted to be:
k = σ NA (

8kT 1 −Ea
) 2 e RT
πµ

(7.22)

The last term gives the fraction of particles that have the minimum energy according to the
Boltzmann distribution, the preceding term gives the encounter rate, as calculated from the kinetic theory of gases and the first term is the collision cross section. Now apart from the kinetic
theory of gasses, it was assumed that only the head on collisions lead to reactions. It was assumed, that there is an energy limit, that the total kinetic energy of the collision must reach, and
this is was called activation energy, and appears in the formula. This obviously, not necessarily
the case. µ denotes the reduced mass of the components and σ can be approximated with:
1
1 1
σ ≈ (σA2 + σB2 )2
4

(7.23)

Clearly, there is a strong deviation from these predictions for the preexponential factor, which is
attributed to the fact that not head-on collisions can be successful as well and that the collision
cross section we can use is only an approximation. To eliminate the discrepancies (e.g. larger
than theory predicted preexponential factors or orders of magnitude smaller k-s), we introduce a
relative cross section, σ ? = σ P to use instead of σ , which accounts for the steric requirements.

7.2

Complex processes and approximations

One species might participate in multiple reactions, each of them proceeding with a certain rate.
The key point to analyse such complex systems, is to write up, how the concentration of the
species change (i.e. differential equations):

7.2.1

d[X]
= ∑ ri νi
dt
i

(7.24)

A → B → C → ...

(7.25)

Consecutive reactions

If:
d[A]
d[B]
d[C]
= −k1 [A]
= −k2 [B] + k1 [A]
= k2 [B] − k3 [C]...
(7.26)
dt
dt
dt
If we restrict ourselves to 3 reactions in a row, and we observe the sequence more closely, we
can see, that for [A], it is a first-order rate law, yielding:
[A] = [A]0 e−kt

(7.27)
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if we sub this back, we can solve first for [B] and apply that [A] + [B] + [C] = [A]0 to get [C]:

[B] =

(k2 e−k1t − k1 e−k2t )
k1
(e−k1t − e−k2t )[A]0 ⇒ [C] = [1 +
]
k2 − k1
k1 − k2

(7.28)

Various cases can be inspected. At t=0, there is no product, at t → ∞ there is only product. The
intermediate has a maximum meanwhile. If k1 is greater considerably than k2 , the first reaction
first goes to completion, and then slowly C accumulates. In the reverse case, the depletion
of A is slow, but B is transformed to C instantaneously. Now, if we don’t limit ourselves to 3
reaction, we have a chain of reactions, which is quite involved to describe analytically. However,
if the starting species is present in large enough amount and it depletes slowly, compared to the
second one, then a decay equilibrium can be established, because once the activity of B (A
= k[B]) reaches that of A (which is taken to be constant) and then its concentration ceases to
change. Then, after a time, the activity of C reaches that of B, it ceases to change and so on,
until a species with very large k is met, which can not accumulate. This does not stop the chain,
but will be present in very small amount. However, if an intermediate is encountered, which has
very large lifetime, this will terminate the chain. For the species, which are in equilibrium, holds
that:

A1 = A2 = A3 ... ⇒ k1 [A1 ] = k2 [A2 ] = k3 [A3 ]...

(7.29)

Therefore, their relative amount will be given by their rate constant ratios. This is of large
important in radioactive species: they coexist with their daughters in equilibrium. Thus, the
total observed activity of the sample is the sum of activities. If we measure this, and know the
number of species in equilibrium (we can tell by comparing their half-lifes - chain terminates
where one has long half-life), we can tell the activity and thus the amount of individual species
present. This is, why the pure uranium is not dangerous, as it emits only alpha, which is blocked
even by a sheet of paper - it is rendered dangerous by its daughters, which emit beta as well.
Here I dealt with first order reactions. The similar analysis is a bit more difficult with other
orders (except for zero), but should happen in the same way. In organic chemistry, we often deal
with Sn1 and Sn2 reactions. The former involves two steps, therefore two transition states and
an intermediate, from which the first, the dissociation of the reactant, is the rate determining. If
depicted on an energy diagram, it has higher activation energy. The latter, on the other hand,
involves only one step, one transition state, activation energy and no intermediate.
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Competing reactions and equilibria

If:
A→B

A→C

and

(7.30)

and...

we can write up the change of concentrations:
d[A]
= −(k1 + k2 )[A]
dt

d[B]
= k1 [A]
dt

d[C]
= k2 [A]
dt

(7.31)

for first order reactions for zeroth order reactions this simplifies to:
d[A]
= −(k1 + k2 )
dt

d[B]
= k1
dt

d[C]
= k2
dt

(7.32)

in the latter case, we can solve this easily analytically, to give:
[A] = [A]0 − (k1 + k2 )t ⇒ [B] = [B]0 + k1t

[C] = [C]0 + k2t

...

(7.33)

the important consequence is, that if initially, no products were present, at any time t, their ratio
will be:
[B] k1
=
(7.34)
[C] k2
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If, however:
A→B

B→A⇒

d[A]
= k2 [B] − k1 [A],
dt

d[B]
= k1 [B] − k2 [A]
dt

(7.35)

As the reaction proceeds, the concentration of one decreases, the other increases, and at some
point in time, the two reaction rates will be equal, i.e. we will reach an equilibrium:
k1 [B] = k2 [A] ⇒

k1 [B]e
=
=K
k2 [A]e

(7.36)

In this case, this K equals (approximately) the K from thermodynamics. However, care must
be taken, this derivation works only if we have elementary reactions. In some other cases, we
might be able to write K as fraction of the individual k-s, but there is no reason to suppose
that that is always the case. Better write up the concentration changes in each case. Now, this
equilibrium constant, K is of course, temperature dependent (the temperature dependence of A
is often neglected). When the temperature of a system in equilibrium is raised, after an transient
period, the system will relax to a new equilibrium, with temperature-altered K.

7.2.3

Pre-equilibrium and steady-state approximations

Analysing more complex systems of equations is not easy. We begin by writing up the differential equations which govern the concentrations of the species. This should always be the case.
But then we oftentimes are stuck for there are two many simultaneous ODEs to deal with - and
we are not supercomputers, are we? However, we often have so called reactive intermediates
in the reaction scheme. They are high in energy, therefore unstable, therefore react rapidly and
can not accumulate. This means, that after their initial build-up to a small level, their rate of
change is negligible compared to the other components of the system. In their identification,
it helps, that radicals and excited states are usually to be considered steady state intermediates.
According to the steady-state approximation (SSA), for them we simply write:
d[I]
≈0
t

(7.37)

This clearly reduces the number of differential equations we have to solve. When we apply SSA,
it is advisable to follow the following steps: 1. write up reactions 2. write up the differential
equations governing concentrations 3. identify reactive intermediates 4. identify the reaction
which can be used to give the overall rate of the reaction 5. use SSA on reactive intermediates,
express their concentrations step by step with the concentration of the reactants and the product 6. write up the rate of the reaction, and if it involves reactive intermediates, substitute in
the derived expressions 7. explore the expression obtained for simplifications, e.g. when one
process is faster than the other, one k can be neglected or at the beginning and end of the reaction, the concentration of the products or the reactants, respectively, usually is low, can justify
neglections. An other widely used approximation is the preequilibrium approximation. For the
reaction scheme:
A B→C
(7.38)
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we are justified to used the preequilibrium approximation, if the intermediate is converted back to
the reactants considerably faster than it would form the product. In this case, product formation
will not hinder the establishment of an equilibrium and we use this to deal with the ODE-s:
if

k−1 >> k2 ⇒ [B] =

k1
d[C]
k1
[A] ⇒
= k2
[A]
k−1
dt
k−1

(7.39)

this yields that:
Ea = E2 + E1 − E−1

(7.40)

Here is a good example, that shows, that for a complex reaction, the activation energy only
shows the temperature dependence of the k and the rate determining step - but no longer has
the meaning of the energy required for the reaction, as it can - here as well - even be negative.
Treatment of this system using SSA yields:
d[C]
k2 k1
=
[A]
dt
k−1 + k2

(7.41)

for slow second step, this simplifies to the equation we obtained from preequilibrium.

7.2.4

Michelis-Menten mechanism

Everything we have dealt with so far, comes together when we describe the mechanism of action
of some enzymes. Some enzymes indeed follow this kinetics, mostly the simple ones. We clearly
would not be able to exist, if all followed this kinetics - this is obvious, as most of our signalling
processes build on the sigmoid curve of enzyme activity, which is not reproduced by this model
(check out the WMC model, that is one step better). Still, the Michelis-Menten mechanism gives
us an insight into enzyme action when it assumes that the enzyme first binds it substrate, to yield
an enzyme-substrate complex, and then after the reaction has happened, let it dissociate. The
kinetics of it can be represented as:
E + S → ES → P

(7.42)

we see, that the overall rate is given by the formation of P, which in turn depends on the enzymesubstrate complex. Therefore, following the strategy as above suggested, we begin the treatment
of this system by writing up the SSA for the enzyme-substrate complex.
d[ES]
= k1 [E][S] − k−1 [ES] − k2 [ES] = 0
dt

and

[E]0 = [E] + [ES]

(7.43)

using these equation to express the concentration of the SS species, we get:
[ES] =

k1 [E]0 [S]
=
k2 + k−1 + k1 [S]

[E]0 [S]
k2 +k−1
+ [S]
k1

(7.44)

and thus we can express the rate of substrate to product conversion:
r=

d[P]
k2 [E]0 [S]
vmax [S]
= k +k
=
2
−1
dt
+ [S] KM + [S]
k1

(7.45)
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If this is depicted on a S-v graph, we see, that in the initial region, v is linear function of [S], as
KM >> [S], v ≈ vKmax
[S] whereas for [S] → ∞, v → vmax , justifying our previous substitution. We
M
say, that the MM enzymes follow saturation kinetics. The substitution of the so-called MichelisMenten constant was made to make the expression simpler. It has, however an important meaning: it gives the concentration of substrate, [S], at which the rate of the reaction is half that of
the maximum rate. In other words, it gives the enzymes affinity towards the substrate. High KM ,
low affinity, and vice versa. To determine the constants KM and vmax , either the v-[S] curve can
be used (more accurate, but more difficult, needs computes), or the so-called Lineweaver-Burk
1
plot, on which we plot 1v as function of [S]
, because:

r=

1
KM 1
1
vmax [S]
⇒ =
+
KM + [S]
v vmax [S] vmax

(7.46)

Thus, first the maximum rate can be determined by the extrapolation of points to find the yintercept and then from the slope we can determine the KM as well. Now different types of
inhibitors can inhibit the action of the enzyme, either by lowering the maximum v or by increasing KM .
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Heterogeneous reactions

Now so far we have dealt with reactions that either occur in the gas phase or occur in the liquid
state, in a solvent. In the former, the pressures, in the latter, the concentrations determine the rate
of a reaction. However, reaction can occur at e.g. solid-liquid or solid-gas interphases as well
and they have slightly different kinetics. Now we consider ourselves only with the reactions at
gas-solid interface, but substituting pressure for concentration, the same principles can be used
for solid-liquid interface as well (more or less). In order for a reaction to happen, the substrates
has to be adsorbed (not equal to absorption, which means binding in the bulk phase) to the
surface. They then can move there, react, and desorp.

7.3.1

Adsorption and desorption

kJ
The adsorption can be physical, using vDW interactions. These have around 40 mol
enthalpy
kJ
change, compared to the chemical adsorption, i.e. bond formation, which has around 150 mol
enthalpy change - both of them are exothermic and the physical adsorption, as implied from
its energy, occurs further apart from the surface. To describe adsorption, the pre-equilibrium
approximation is used. We first treat the monoatomic case:

AS(ads) →

A(g) + S

movement,

reaction, ...

(7.47)

here, S denotes the empty binding sites. In our approximation, the binding and desorption
proceed at equal rates:
v1 = pA (1 − Θ)Nk1 = ΘA Nk−1 = v2
(7.48)
Here, Θ denotes the ratio of binding sites of A occupied (not necessarily by A), with subscript
A those occupied by A and N denotes the total number of binding sites. If we assume that only
A binds to those binding sites, we can express Θ as a function of A:
Θ=

k1 pA
K pA
=
pA k1 + k−1
pA K + 1

(7.49)

This is a saturation curve, similar to that of the MM mechanism. For small pressure:
Θ ≈ K pA

linewithconstantslope, f romorigin

(7.50)

for large pressure:
Θ≈1

(7.51)

i.e. all binding sites are occupied. Now, similarly to the MM case, we can transform this into a
V
reciprocal plot, by introducing Vmax
= Θ for the covered volume:
V
k1 pA
K pA
pA
pA
1
=
=
⇒
=
+
Vmax
pA k1 + k−1
pA K + 1
V
Vmax KVmax

(7.52)

These quantities, i.e. pVA and pA can be measured and used to determined with a line regression,
similar to that of MM, the values of K and Vmax . In the dissociative case, our substrate occupies
two binding places, but we still can apply the pre-equilibrium approximation:
2 S + A2 (g)

2 AS(ads) ⇒ v1 = pA2 N 2 (1 − Θ)2 k1 = k−1 Θ2A N 2

(7.53)
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assuming this time as well, that all the places are occupied by A, i.e. no competition for places
gives:
Θ 2
)
(7.54)
p A2 K = (
1−Θ
Now in these cases, we assumed that we can indeed treat this system as we did in preequilibrium
approximation. Furthermore, we assumed that all binding sites are equal and the adsorption
happens only in 1 layer. Better models, e.g. the Temkin and Freundlich isotherms and the BET
isotherm can account for these as well. Worthwhile to mention, that we can in our case express
the enthalpy change of adsorption at a given coverage by the equation:
(

7.3.2

∂ ln(K p )
∆ads H
)Θ = −
1
R
∂(T )

(7.55)

Reaction and catalysis

Here, we consider multiple cases, but each easily derivable using simply the preequilibrium
approximation. First, the case of unimolecular reaction:
A(g) + S

AS(ads) → P

and

Θ=

K pA
pA K + 1

(7.56)

then the rate of the reaction:
dP
= k2 ΘN = k20 Θ
(7.57)
dt
for small and large pressure, respectively, this simplifies to first and second order rate laws:
v=

vs = k2 NK pA

vl = k2 N

(7.58)

here, we of course, assumed, that the product does not disturb the binding of the reactant. For
bimolecular reactions, we further distinguish two cases: 1. both reactants bind to the same
binding place, then:
A(g) + S

AS(ads) and

B(g) + S

BS(ads) and

AS(ads) + BS(ads) → P

(7.59)

applying the preequilibrium for the adsorptions:
pA (1 − ΘA − ΘB )Nk1 = ΘA Nk−1

pB (1 − ΘA − ΘB )Nk1 = ΘB Nk−1

(7.60)

gives:
ΘA =

KA pA
1 + KA pA + KB pB

(7.61)

and a similar expression for B. Substituting these into the rate law, we get:
v = k3 N 2 ΘA ΘB = K

KA pA KB pB
(1 + KA pA + KB pB )2

(7.62)
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if one of them binds stronger than the other (say, A), we get:
v≈K

KA pA KB pB
(1 + KA pA )2

(7.63)

and this can further be simplified for the large pressure and small pressure cases, respectively:
vl ≈

KKA pA
KB pB

vs ≈ KKA pA KB pB

(7.64)

If, instead, they bind to different binding places, our rate equation takes a slightly different form:
v = k3 NA NB ΘA ΘB =

KKA pA KB pB
(KA pA + 1)(KB pB + 1)

(7.65)

KA pA
)pB
1 + KA pA

(7.66)

and lastly, if only one of them (A) binds:
v = k2 pB NΘA = k20 (

We should, however, not forget, that in its simplest form,
v = Θocc K

(7.67)

thus, we can calculate the occupation from the rate and the rate constant in every case.

7.4
7.4.1

Measurement techniques
Determining the orders

Several different methods are used commonly to determine the order of species in a rate law.
They all make use of the expressions derived so far, so we can easily understand them: 1.
method of the initial velocities. Generally, we can follow a concentration in time, but can’t
measure velocity / rate directly. However, in the initial period, we can approximate the c(t)
graph (or p(t)) with a straight line, with a slope equalling the rate of decrease of concentration.
Then, we have:
r=

−1 d[A]
a dt

and

ln(r) = ln(k) + αln[A] + β ln[B]...

(7.68)

Initially, we know the concentrations, which is just the initial concentration we have set and
from the linear approximation, we determine v. Here, we use all reactants but the one in interest
in big excess, so that our equation takes the form:
ln(rinit ) = ln(ke f f ) + αln([A]init )

(7.69)

If we plot the initial velocities with the logarithm of the initial concentrations, the slope gives the
order, the y intercept (extrapolate) the effective rate constant. We can use this to determine the
order with respect to an other reactant then. Now, an alternative to this method is to follow the
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concentration and at every point or at regular interval determine the rate by measuring the slope
of the graph. Then, we can plot the logarithm of these concentrations and respective velocities
(method of flooding). 2. method of the integrated rate laws: using the above derived integrated
rate laws, and measuring the concentrations in time, we can plot:
[A](t) ⇒ zeroth order if linear

(7.70)

ln([A](t)) ⇒ first order if linear

(7.71)

1
⇒ pure second order if linear
[A](t)

(7.72)

It is important not to forget, that if we measure absorbance, we have to subtract the final absorbance from our absorbance measurements. We can do linear regression to get the slope, i.e.
rate constant and the goodness of the fit. In simple problems, we can use the calculator to do
linear regression on the datapoint - not forget to convert them into the right function for the
integrated rate laws. If we have more data, computers are better. 3. Method of half lifes. Now,
we can easily measure the half lifes or determine it, we just have to select a concentration and
measure the time it takes for it to half. If the half life decreases, we probably have zeroth order, if increases second order and if it remains constant, first order. In all these 3 methods, it is
common (necessary) to use all but one of the reactants, the one in interest, in excess.

7.4.2

Determining k-s and activation energies

Now, we can measure the rate constants with similar methods, or even in the same measurements
that we carry out to determine the orders. From the method of initial velocities (or method of
flooding), the y intercept gives the logarithm of k. From the method of integrated rate laws,
from the slope, we can deduce k (in zeroth order and first order, slope = −k in second order
slope = (2)k. The two depends on whether we have 1 or 2 A reacting. Now, we use the socalled Arrhenius plot to then determine the value of the activation energy:
−Ea

kobs = Ae RT ⇒ lnk = ln(A) −

Ea 1
R T

(7.73)

Thus, plotting the logarithm of the rate constant observed with the inverse of temperature, from
the slope, we can determine the overall activation energy and by extrapolation, from the y intercept the approximate value of A. This relation holds only in a limited temperature range,
however (e.g - we have seen that A depends on T as well, but this is negligible compared to the
effect of temperature as power). We also now, that if the observed rate constant is the product of
individual elementary rate constants, the activation energy will be the sum of individual activation energies (multiplied by the same factors - and therefore, can be negative), the preexponential
factor the product (raised to right power).

7.4.3

Kinetic isotope effect

An interesting behaviour having its basis in the QM can provides us with important insight into
chemical reactions by allowing to inspect which bond reacts/breaks in the rate determining step:
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the kinetic isotope effect. In the primary kinetic isotope effect, the rate of a bond cleavage
decreases because we substitute one of its constituent atoms with a heavier isotope. We use the
fact, that around the equilibrium position, every potential can be approximated using a square
well, by the virtue of the Taylor expansion.

V (x) ≈ V (x0 ) +V 0 (x0 )x +V 0 (x0 )

x2
+ O(x3 ) ⇒ Veq (x) ≈ Kx2
2

(7.74)

In the expansion, we set the first constant to 0, and we know from the equilibrium position, that
the first derivative has to be 0. Thus is the expression above obtained. Now in this potential, as
we have shown earlier, the energies of the eigenstates:
1
En = h̄ω(n + )
2

s
ω=

k
m2
)
( mm11+m
2

(7.75)

We assume, that based on the Boltzmann distribution, most electrons will populate the lower
levels, the lowest the most - which is the zero point energy. Using the above relations, we
see, that by substitution with a heavier isotope, the zero point energies decrease (n=0). We can
assume, that the energy of the transition state remains constant, however, because there the force
constant, i.e. the strength of the bond is weakened, the associated zero point energy is very little.
Thus, the effect of insertion of heavier isotope on the activation energy can easily be predicted
(larger jump for heavier isotope):
1
1
µB1 1
∆Ea = NA h̄[ω(B1) − ω(B2)] = NA h̄ω(B1)[1 − (
)2 ] = ζ
2
2
µB2

(7.76)

Using the Arrhenius-formula, we get:
kB2
= e−ζ
kB1

(7.77)

Thus, if the reduced mass increases, i.e. if we introduce a heavier isotope into B2, the activation energy difference increases, thus the rate constant of B2 decreases. Assuming, that A is
independent of the isotope (see collision theory or transition theory - not discussed here), the
rate of breaking B2 is smaller than that of breaking B1. Contribution to the primary kinetic
isotope effect can come to the tunnelling as well - heavier isotopes tunnel with less probability,
i.e. slower across the same barrier - e.g. the rate of exchange from one molecule to other of H-D
is different. Secondary kinetic isotope effect arises, when we substitute in a heavier isotope into
a non-breaking bond. Because what really matters are the group vibrations, this also has a rate
lowering effect.
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Photochemical reactions

Absorption of electromagnetic radiation (which we know, interacts as photons, i.e. in quantised
manner) can alter the electronic structure of compounds or even their motion and thus lead to
chemical reaction. To deal with these photochemical processes, we use that:
E f = hν

P=

∆E
dt

I=

P
A

φ=

number of events occured
revents
=
number of photons absorbed rabsorbtion

(7.78)

the last expression is the definition of the so-called primary quantum yield. An absorbed photon
can cause several transitions, as discussed in the next chapter, depending on its energy. If it
is in the UV-VIS range, it can cause electronic transition. Electrons initially might be found
spin-paired or unpaired. If we have no unpaired electron, we speak of a singlet, if we have
1, of a doublet, if we have 2, of a triplet state (reasons not discussed here). Now exciting a
singlet ground state to a singlet excited state allow products to form from the excited state.
The most common reactions include ionization, dissociation, addition or isomerization. These
chemical process, however, compete in time with photophysical processes as: fluorescence return to ground state by emission of a photon (of a singlet state), intersystem crossing (singlet
to triplet, i.e. inversion of the excited spin), phosphorescence (triplet excited returns to singlet)
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energy transfer reactions to other molecules or groups (singlet-singlet, triplet-triplet), or further
excitation. The rates of these processes differ, but we can write that:
νi

∑ φi = 1 ⇒ φi = ∑i νi

(7.79)

i

Equivalently, we can calculate these individual quantum yields with the SSA approximation for
the reactive excited intermediate:
d[S?
νi
ki
= Iabs − ∑ ki [S? ] ≈ 0 ⇒ φi =
=
dt
Iabs ∑i ki
i

(7.80)

If the absorption is zero, the excited state decays with a first order rate law (see competitive
processes):
(7.81)
[S? ] = [S? ]0 e−t ∑i ki
If a quenching agent is added, which quenches the excited state in a second order reaction with
rate law of the form:
rquench = kq [Q][S? ] ⇒ [S? ] = [S? ]0 e−t(∑i ki +kq [Q])

(7.82)

By linearising this equation (method of integrated rate law, above) and first determine the lifetime or sum of the rate constants without quenching, we can determine the quenching rate constant from a new, quenched measurement (subtract the known sum and divide by quencher concentration).
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Part III

Chemical analysis
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Chapter 8

Qualitative analysis
The aim of qualitative analysis is to determine the nature of compounds present - to analyse results of an experiment most of the time. Both the electronic properties and the nuclear properties
and their mass can provide us important details about their composition. Usually, however, we
need to use these methods in parallel to ascertain a final structure.

8.1
8.1.1

Mass spectrometry
Principle

The principle of mass-spectrometric detection is as follows. If a particle of mass m and charge q
moves in an electric field having field strength E(r) and magnetic induction of B(r), its motion
is governed by Newton’s second law of motion:
F(r) = (E(r) + v × B(r))q = ma(r)

(8.1)

I.e. it feels an electrostatic force, proportional and in the same direction as the electrostatic field
and an other force, the Lorentz-force, which is given by a vector product, thus is perpendicular
both to its velocity and the magnetic induction vector. Now assuming that the particles are
initially at rest and are set travelling parallel with the electrostatic field vector in a tube of length
d, and no magnetic field present, they will be accelerated:
F(r) = (E(r))q = ma(r) ⇒ Welec = Egain = F ? ∆s = Eqd = (γ − 1)m0 c2

(8.2)

and if the particles are not relativistic, we can write the last term (Ed = voltage across two points)
as:
1
Eqd = Uq = (γ − 1)m0 c2 ≈ m0 v2
(8.3)
2
If then, these accelerated particles are subjected to a magnetic field perpendicular to their velocity, but no electric field, they will experience a force perpendicular both to their velocity and the
magnetic field - this confines them to a circular path of radius r:
F⊥ = qvB =

mv2
q
⇒ = rvB
r
m
125

(8.4)
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Thus, if we place a detector at a fixed radius, r, and know the velocities of the particles because
we have accelerated them through a known voltage, we can gradually increase the magnetic
induction and for each value detect the particles of right mass-charge ratio, if any.

8.1.2

Realization

Particles are ionized usually at very low pressures, 0.01 torr e.g. Most common technique is the
electron ionization: particles are bombarded with electrons that can knock out an other electron
from the molecule, leaving a positively charge molecular ion behind. However, the residual
energy imparted by the colliding electron and the instability of the radical cation together often
lead to further decay of the molecular ion. Either into a smaller radical cation and a neutral
species or a carbocation and a neutral fragment.
(
N•+ + Fneutr
−
+
−
M + e → M• + 2e →
(8.5)
N + + Fneutr
Alternatively, chemical ionization can be used, which is considered a soft ionization technique,
as it does not involve high energy collisions with the sample. First, outside the spectrometer,
highly reactive carbocations (primary ions) are formed by electron ionization:
−
CH4 + e− → (CH4 )+
• + 2e

(8.6)
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than the reagent ions are produced (which ionize the sample):
+
CH4 + (CH4 )+
• → (CH5 ) + (CH3 )•

(8.7)

and lastly, the sample is protonated with them:
(CH5 )+ + M → MH + +CH4

(8.8)

Ammonia and isobutane are used similarly. The main principle was thus to create a highly
acidic species, that would protonate nearly anything, yielding a positive ion that can be detected in the mass spectrometer. Apart from these, multiple ionization techniques exist. E.g.
macromolecules, e.g. proteins are ionized either by soft laser desorption or electronspray ionization. The secondary ions can themselves form charged adduct with the sample or they can
simply swap charges (electrons). If the ions are thus produced, they can easily be accelerated
with an electric field. Although traditionally their separation proceeded by placing a detector
at a position and measuring the incoming flux of charge, i.e. current for every magnetic field,
this allowed for fragmentation losses. Nowadays, ion traps are frequently used, that can trap
a specific charge-to-mass ration only, similarly the quadrupole mass analyser let through only
particles of the desired ratio. They use oscillating fields, not a constant magnetic field, but their
principle remains the same. Frequently, the mass spectrometers are connected to so-called chromatograph which previously separate the different compounds present in the sample, allowing
the mass spectrometer to analyse them one by one, i.e. create a separate spectrum for all of
them. Most commonly, electron ionization spectrometer is connected to a gas chromatograph,
the instrument called GC-MS.

8.1.3

Spectrum

On the spectrum produced by a mass spectrometer, each incoming species relative frequency is
plotted as the function of the mass-to-charge ratio. As the charge usually is 1, the x axis usually
directly corresponds to the mass. The abundance of a species with highest frequency is taken as
1, and is called the base peak. The base peak does not always correspond to the molecular ion,
because that can fragment readily into more stable daughters. A stable organic compound has
usually even number of electrons (occupying MO-s in pairs). The molecular ion therefore has
odd number of electrons, i.e. is a radical cation. It either fragments to an odd-electron radical
cation and an even electron neutral species, or an even electron cation and an odd electron
radical. They may further fragment, but generally, odd-electron ions can fragment both to odd
and eve electron daughter ion and a neutral species, whereas due to their higher stability, even
electron cations tend to fragment only to even-electron ions and a neutral species. It is worth
noting, that if an odd valence number atom is present (N, halogens): if they are present in even
number, the odd electron ions will have even, the even electron ions will have odd number mass.
However, if they are present in odd number, the even electron ion will have even numbered, the
odd odd numbered mass.
Generally, computers can be used to analyse fragmentation patterns, but some guidelines
are:
1. aromatic rings, cycloalkanes, conjugated systems form especially stable carbocations
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2. the greatest tendency towards fragmentation is found in alcohols, ethers, branched alkanes.
3. In CH-s, electrons are removed from bonding orbitals. The charge can’t be said to be localized - it is delocalized throughout the molecule. Therefore, in CH-s, usually the weaker C-C
bonds fragments. Their most abundant products are butyl and propyl cations.
4. If a heteroatom is present, one orbital might have a large enough coefficient on it to the electron be considered localized to that atom - especially the nonbonding electrons. These localized
electrons are easier to remove, because they are nonbonding. (although O orbitals are lower
generally), thus they form cations readily. Thus, common molecular cations are:
RCO+ , RCl+, RO + R, RN + R They follow 3 common fragmentation patterns usually: 1. in C-Y
cleavage a RC+ and a heteroatomic neutral fragment is produced
2. in alpha-cleavage, the heteroatom-C bond is not broken, but a double bond forms there, thus
R+ and CY... are produced.
3. in H-Y elimination, a the Y-C bond breaks and a neighbouring C-H bond breaks, to form a
Y-H compound and a double bonded carbocation.
Generally, the fragmentation patterns are difficult to analyse, computers can be used to so-called
fingerprinting, in which they analyse the whole spectra based on their previous knowledge.

8.1.4

Accounting for isotopes

Mass spectrometry separates different isotopes of the same element as well. This introduces
a complication into the spectra, which, however, with a bit of maths, can be easily tackled.
Assume isotopic frequencies:
Ni
fi =
(8.9)
N
i.e. the abundance of a given isotope. Now if I have a compound which contains M of the given
element with isotopes fi frequency.The probability that exactly k out of M will be the isotope i,
can be modelled by the binomial distribution Bi(M, fi ):
 
M k
p(k) =
f (1 − fi )M−k
k i

 
M
M!
with
=
k
(M − k)!k!

(8.10)

This formula can be applied for all of the cases. From this, we can calculate their relative
frequencies as well. However, most common isotopes are those of chlorine and bromine, both
having only two isotopes.
For chlorine: f35 ≈ 0.75 and f37 ≈ 0.25
For bromine: f79 ≈ 0.5 and f81 ≈ 0.50
Rarely, the peaks produced by the C-isotopes abundance is also seen. A general strategy to
predict spectra is to write up the molecular formula for the compound, write up the different
isotope forms and calculate the probability of observing each. Then, although they appear on
the same place, draw structures for every isotopic forms: there may be many - if it has 3 X and
out of it 2 is one isotope, we can put them to 3 different places (assume not symmetric), for
example. If we have a spectra, it is worthwhile to look for the characteristic 1:1 of 1 bromine
and 1:3 of 1 chlorine. Generally, the mass-spectrometric analysis give very accurate results. The
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error of the measurement can be calculated using the formula:
δ=

m(measured) − m(theoretical)
m(theoretical)

(8.11)

It is important, when calculating the theoretical mass from the mass of atoms, to account for the
electron deficiency, i.e. subtract the mass of electron, when needed.

8.2
8.2.1

IR spectroscopy
Principle

IR is a technique that uses the interaction of electromagnetic radiation in the IR region (λ = 0.8
- 1000 µm). To understand how and why it works, let me reiterate: according to QM, a system
of particles is described by a wavefunction. The Born-Oppenheimer approximation says that
for particles differing in mass, i.e. proton and electron, this can be separated into two parts:
one describing the motion of electrons (electron wave function) at clamped nucleus, the other
describing the motion of the nuclei. In the stationary states, the nuclear wavefunction ψn satisfies
the Schroedinger equation:
bn ψn = En ψn
H

bn = Tbn +V (R1 , R2 , ...RN )
with H

(8.12)

The strength of this approach, that here, the Hamiltonian only consists of the kinetic energy
term and a potential term (dependent on the N nuclear positions and electron distribution). We
have N nuclei, which can move in 3 directions - the kinetic energy term, if new coordinates are
introduced to describe position of atoms:
ρi =

2 N 3
2
√
bn = −h̄ ∑ ∑ ∂ +V
Mi (Ri − R0i ) ⇒ H
2 i k ∂ik2

(8.13)

Now, Taylor expanding the potential around the equilibrium position (which is an equilibrium
position of the whole molecule - described by the N positions), keeping only the second order
term (harmonic approximation) yields the Hamiltonian (after a bit of maths):
3N−6
2
bn ≈ 1 ∑ [h̄2 ∂ + fi q2i ]
H
2 i
∂ 2 qi

(8.14)

Now - this product contains 3N-6 terms, and each of them takes the form of the harmonic
oscillators Hamiltonian. Now this is perfect - we can treat our molecule as if it did 3N-6 types
of oscillations with each of them having an energy eigenvalue εi (because - if the Hamiltonian is
a sum, the wavefunction will be separable, a product). From the previous treatment of harmonic
oscillators we have for the i-th energy of the n-th mode of oscillation:
s
1
k
εin = h̄ω(n + ) with ω =
(8.15)
2
µ
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Now there is a very-very important point: the 3N-6 oscillatory motions involve each all of the
constituent N atoms, generally. However, if the molecule has different atoms, it turns out, that
the presence of a certain group implies a certain mode (group oscillation, still), where mainly
one bond moves. For example, if there is a C=O group present, it will imply a mode with only
the C=O bond moving (the constituent nuclei, more precisely). For example, the presence of
the NH2 does not imply an independent N-H movement - it implies the synchronous movement
of the both N-H bonds - either in the same direction or in the opposite. Now these oscillations
involve rotation, bending and vibration of bonds, although most commonly only one of them.
These oscillatory modes are called normal modes of the molecule, because, as we know, the
general movement is the composition, i.e. linear combination of these.
This theoretical result, however is of immense use: an oscillation can be excited with an exciting
force similar in frequency to its own frequency (classical picture). This can be understood in
QM picture as well - here, to promote from the ground state to the first excited state, exactly the
energy of the photon with the vibrations frequency is needed. Therefore, each group vibration
will absorb photon with the right frequency. This will increase the amplitude of that oscillation,
but won’t alter its frequency. Usually, a vibration absorbs only 1 photon - so ground to second
state so called overtones are quite rare in the spectrum.
Therefore, 2 atom vibrations will have a characteristic absorption. Here, the k in the formula
is equivalent to their bond strength (which can be calculated if we know the location of the
given bond vibration on the spectrum), and the reduced mass can be calculated easily as well.
Luckily, the most of the important 2 atom vibrations occur in a distinct region from the really
whole molecule vibrations, bendings, rotations, therefore, can be used to detect presence of these
groups, bonds.
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The spectrum

On the IR spectra, the absorbance of the sample is plotted as a function of the irradiating photon
wavelength. If the illuminating light has intensity (energy per unit surface area), I0 = EA before
the sample, and It after, the absorbance is defined as: A = log10 ( II0t . Sometimes, the transmittance is used, which is T = log10 ( II0t = −A. The energy of the photon is usually written as the
E
wavenumber: λ −1 = λ1 = hc
⇒ λ −1 ∝ E. The energy of the vibrations must match that of the
photons for absorption to occur. For 2 atom vibrations (which can be considered as those), the
energy is proportional to the square root of the bond strength, and inversely to the square root of
the reduced mass. This implies, that the lighter atom constitutes the bond, the higher will be its
frequency, thus energy. The intensity of an absorption depends on the dipole moment change in
one vibration or any oscillation - the higher the change, the higher the amplitude of absorption.
Therefore, the spectrum will account for the presence of individual bonds or groups, according
to their strength, dipole moment change and reduced mass. The spectrum usually covers the
regions 4000-500 cm−1 (we can go above and beyond, just the bond vibrations occur here), and
can be divided into four regions: 1. 4000-2500 cm−1 = λ −1 :
The bonds with the lightest atoms have their stretching frequency here, i.e. the X-H bonds. If
not hydrogen bonded (i.e. dry sample or steric hindrance), the O-H bond produces a strong,
sharp single peak at 3600 cm−1 . If the O or H partakes in H bonding, then its effective nuclear
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charge changes, the bond strength changes - according to the length of the H bonds. As this
varies, the bond strengths vary - we get a broad signal centred around 3300 cm−1 . The COOH-s
OH will appear as a single, V-shaped signal around 3000 cm−1 . Secondary amines will produce
a relatively sharp signal around 3000 cm−1 . On the other hand, primary amines produce two
normal modes. In one of them, both N-H bond vibrate with the same frequency in the same
phase (symmetric stretch) around 3200 cm−1 , in the other, they vibrate with the same frequency
but in the opposite phase, around 3400 cm−1 . C-H stretches come in this region (2900-3200
cm−1 , mainly just below 3000 cm−1 ) as well - usually, the are low intensity peaks, accounting
for group vibrations. One C-H bond, the C ≡ C − H bond is recognizable, as sharp, strong peak
around 3300 cm−1 .
2. 2500-2000 cm−1 = λ −1 - triple bond region:
in this region, the strong triple bonds have their characteristic stretches. In order to be visible
in IR, it has to have a dipole moment change, when stretched, therefore, for example the N2 is
not visible. The C ≡ N bond produces a strong absorption around 2250 cm−1 . The C ≡ C bond
produces a weaker absorption - because usually the electron distribution is not symmetric on it
due to the presence of the other parts of the molecule. It is seen usually in the 2100-2250 cm−1
region.
3. 2000-1500 cm−1 = λ −1 - double bond region: The less strong double bonds (compared to
triple bond) have their stretches in this region. The C=C bond produces a generally weak absorption in the 1635-1690 cm−1 region. For aromatic rings, we again, see the results of group
vibrations (everything is that, but the some functional groups yield that theirs is basically bond
vibration) - multiple peaks in the range 1625-1450 cm−1 region with medium/weak intensity.
The NO2 group, similarly to the amine, produces two signals: the symmetric stretch comes at
1350 cm−1 , the antisymmetric at cm−1 .
The carbonyl groups are present in a vast number of functional groups. But IR can distinguish
them, according to their bond strength - which varies in the different functional groups. An
ordinary ketone (no ring, no other heteroatom to it, no conjugation) has a strong peak around
1715 cm−1 . Now anything, that withdraws electrons, thus increases the effective nuclear charge
of C and thus lower the energy of its atomic orbitals, will lead to better match between orbital
energies and strengthen bonding - result in higher frequency peak. Important - it is not that we
say that one or the other withdraws electron - it is the observation that it has higher or lower
peak than the general ketone, from which we can say that it withdraws or donates electron.
Acyl chlorides thus have a signal in the 1750 - 1820 cm−1 region ⇒ they withdraw electron.
Amides have a peak somewhere from 1640 cm−1 to 1690 cm−1 ⇒ it donates electron. Oxygen
rather withdraws electrons: the carboxylic acid has its peak around 1730 cm−1 , the ester around
1745 cm−1 . The aldehyde’s stretch around 1730 cm−1 implies that the alkyl groups are slightly
electron donating themselves as well. Acid-anhydrides, not surprisingly seeing their symmetry
and thinking of the amines and nitro-groups, has an antisymmetric stretch at 1750 cm−1 and a
symmetric around 1820 cm−1 .
Neighbouring double bonds also alter the C=O stretch. We know from QM that the two bonding
orbitals can interact - and thus electron can be donated to the carbonyl bond (4 orbitals, 2 bonding occupied, but localized mainly on the carbonyl group due to O - thus more than simple pi
bond there) - in accordance with the measurement that conjugated ketones have a peak around
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1690 cm−1 , a lowering by 20-30 cm−1 .
Lastly, the presence of rings also alters the stretches. The smaller is the angle in the ring (correlates with the size of the ring), the more the C-C bonds will be compressed during vibration, thus
the higher the energy, therefore frequency is the vibration. The C=O bond strength is not altered.
This results in +35 cm−1 increase in stretching frequencies when the ring size is decreased by 1
atom.
It is an observation, that shifts in the IR stretch are additive: the presence of 5 membered ring
adds 30 cm−1 , but for example conjugation subtracts 30, and the presence of carbonyl group
again, adds 15 etc. 4. below 1500 cm−1 - bending, rotation and fingerprint: below 1500 cm−1 the
weak and/or heavy element containing bonds (e.g. C-X) have their stretch. Also, here appear
the so called bendings and rotations - some normal mode involves only the bending of bonds,
or rotation of bonds - but they in the same way follow from our theoretical consideration. For
example, a simple ethyne can trans-bend and cis bend, in which all atoms move. This normal
mode have frequencies 612 and 720 cm−1 respectively, and therefore, absorb in that region. This
region, therefore is called the fingerprint region - no marcant signals are seen, or if yes, then they
are result of complicated group vibrations.
Worth stressing again, that only stretches during which the dipole moment changes produces
visible stretches in IR. Therefore, the symmetric stretches in CO2 not. These stretches, however,
can be seen using the Raman spectroscopy (not discussed here).

8.2.3

Dipole moment

Only those molecules whose vibrations cause change in the dipole moment of the molecule, can
be seen in the IR. The dipole moment of a molecule is the measure of charge separation inside
the molecule, i.e. measure of uneven distribution of electrons. Now, this can be approximated
as the sum of bond dipole moments (and more often - the bond dipole moment can be obtained
by decomposing the molecular dipole moment measured) which is a vector:
|µ | = δ d

(8.16)

if we model the bonds as two δ charges, different sign, d apart. It is a property of a bond and
can be measured. The vector points towards the higher electron density region. A symmetrical
diatomic has no dipole moment.

8.3

NMR spectroscopy

As IR spectroscopy has used the energy difference of vibrational eigenstates of a molecule to
obtain structural information, an other technique, NMR spectroscopy uses the energy difference
between nuclear spin states to obtain information about the relative position of nuclei, and thus
atoms.

8.3.1

Theoretic basis of NMR

As discussed before, each nucleus, depending on how the nuclides are arranged in their states,
is characterised by a nuclear spin quantum number, short, spin, I. This determines the angular
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momentum of the nucleus. To deal with the nucleus, we first explain why this is important.
Angular momentum is a quantity which, when possessed by charges, lead to them creating a
magnetic field, i.e. having a magnetic moment, µ. Angular momentum in classical picture is
associated to the motion of a particle, and is defined as:
L = mv × r

(8.17)

Thus, a particle in an orbit, e.g. circular, will possess it - or the particles of a rigid, rotating body,
will possess it. If the particle is charged, and has an angular momentum, it will have a magnetic
moment.
However, it is crucial to emphasize, that in QM picture, although particles, systems have to
possess angular momentum in the cases when we observe that they have magnetic moment, it
does not mean that they actually do any kind of rotation, or circular motion. Thus, the electrons
have their own angular momentum, called spin angular momentum, s (and it is given by the spin
quantum number, s short spin, characteristic of them - this can take s = ± 12 two, half-integer
values), because we observe their magnetic moment.
If in atom, they possess an orbital angular momentum as well - because their overall magnetic
moment deviates from that of predicted solely by the spin angular moment. In contrast to the
spin quantum number, the angular momentum quantum number, l taking values up to n-1 comes
out from the SE equation. The orbital angular moment, l the length of which is given by the
quantum number l, is a vector. l + s, the sum of the two angular moments give their total angular
b=b
b = lψ, and
moment vector, j. An operator can be constructed for this, L
r × pb, suchp
that Lψ
this formulation implies that it is quantized as well, has length mod( j) = h̄ j( j + 1) given by
the j, total angular momentum quantum number. The orientation of this is given by the magnetic
moment quantum number, m, such that in the direction of measurement, the component of the
total angular momentum is given by: LZ = mh̄. We know that they possess these quantities,
because we measure it, based on the fact, that:
j = s+l

and

µ ∝ (sl),

in magnetic field, they have E = −µB0

⇒ E jls = K( j( j + 1) − l(l + 1) − s(s + 1))

(8.18)
(8.19)

For more electrons, complications arise from correlations - but we can see from this, that an
electron in a given state confers an energy to a one electron atom in a magnetic field - and can be
excited from one (spin) state (one value of s) from the other (electron-spin spectroscopy). For
the nucleus, the case is easier - a nucleus has a total nuclear spin angular momentum (vector)
characterised similarly to an extent to the total angular momentum quantum number, solely by
1
I and m, as follows: 1. the length is [I(I+1)] 2 2. the orientation is specified by m = I, I-1, I-2...,
-I (2L + 1 orientations) as: any axis we take, the projection onto this of the spin vector is given
by: mh̄. The energies, again, of these 2I + 1 states are different. This is obtained using the QM
treatment of these quantities (that was used in the electron case as well):
b=µ
bZ Bo = µN B0 IbZ
H

and

⇒ E = µN h̄B0 m

b = Eψ
Hψ

(8.20)
(8.21)
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Here, the first term is characteristic of each nucleus, can be measured, a constant. Thus, from I,
we can give the possible values of m, and thus the energy levels of the different, 2I+1 states.
For spin-half nuclei, thus, the energy of the photon that can excite the nucleus from one spin
orientation to the other is given by:
E p = µN h̄B0
(8.22)
we know, that in a sample in thermal equilibrium, the two states will be filled according to
the Boltzmann distribution - and only the lower energy spin states can be excited. The rate of
absorption is proportional to the unexcited, lower energy state, whereas the rate of stimulated
emission to that of the higher energy state. Therefore, as spontaneous emission can be neglected,
the net rate of absorption is proportional to the population difference, NA −NB of the states A and
B. Thus, the net intensity of absorption, i.e. energy absorbed per second is I = KE p (NA − NB ).
Applying Boltzmann, yields that:
I = E p ? N(net absorbtion) ∝

NµN2 B20
T

(8.23)

The principle of NMR is thus as follows: scan the sample at a fixed applied external magnetic
field with a range of exciting photons and measure the intensity of each’s absorption. Due to
uneven electron distribution and coupling, each nuclei will feel a characteristic net magnetic
field and therefore absorbs at a characteristic frequency. The intensity of absorption will be proportional to the number of given nuclei present - so we get quantitative information, i.e. can
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determine the ration of the different nuclei. This also is the reason, why, for example more
sample is needed for C NMR than H: the C13 is very rare, for a given intensity, more example
needed. Also, as we know from Boltzmann distribution, increasing the T increases the population of the excited, higher energy states - therefore, for high intensity, lower temperatures are
needed. The energy difference is small, lies in the radiofrequence range - such photons are used.
An interesting observation is, that odd - odd nuclei will always have integer, non-zero spin (I),
even-even nuclei 0, and mixed nuclei half-integer spins - of course, in their ground state.

8.3.2

Arisal and dependence of energy levels and transitions

To recap, we have seen that the Hamiltonian, i.e. the energy of a spin-system in the magnetic
field includes the term:
b = −µB0
H
(8.24)
Consequently, we have seen that 2I + 1 different states arise, each of which has different energies
because the angular momentum vector is oriented differently. We have seen that the energy
difference between the 2I + 1 states (with different orientation of the total angular momentum
along a given axis), is proportional to the net magnetic field felt by the nucleus, but depends on
the nuclei as well.
Therefore, a given net magnetic field causes way larger separation in C13 than in H1. These two
nuclei are the most commonly measured ones in NMR.
The magnetic field experienced is less than the external magnetic field. This is due to major
part to the effect of electron currents arising and generating their own magnetic field - this is
quantized in terms of the shielding constant:
B = B0 (1 − σ ) where σ = σlocal + σneighour + σsolvent

(8.25)

i.e the shielding effect can stem from three sources, but is characteristic of the nuclei.
The local contribution, σlocal can be positive (diamagnetic) and negative (paramagnetic). Diamagnetic contribution arise because the applied magnetic field induces circulation of the electron
cloud in the atom, which generates a magnetic field opposing the outer magnetic field (Lenz law
- more deeply, conservation of energy gives that it is opposite). The larger the electron density close to the nuclei is, the larger will this opposing magnetic field, thus shielding be. If the
electron density is reduced for some reason around an atom, this shielding decreases, the separation of levels increases (net magnetic field felt increases), such effect has for example the
effect of bonding with EN atom. Paramagnetic, i.e. negative shielding arises when the electrons
are forced to circulate in unoccupied orbits - this can happen significantly n light atoms (when
the orbits are close to the nucleus) and molecules, where the excited state is close to energy to
the ground state. The neighbour contribution to shielding arises from the fact, that the external
magnetic field induces current in electrons around neighbouring atoms, thus they create an own
magnetic field. This magnetic field is felt by the nucleus in interest, but the magnetic field felt
is decreases as r13 and depends on orientation of the nuclei with respect to the direction of the
field. Therefore, it is crucial to emphasize, unless the magnetic field generated is is non-isotropic
(i.e. depends on the orientation of the molecule in the magnetic field), the neighbourhood action will be 0. (The neighbour contribution is marcant in aromatic systems: the magnetic field
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induces a strong ring current in the ring, which produces a magnetic field opposing the external
inside the ring, and reinforcing the external (deshielding) outside the ring. Also, a ring current
is induced in the triple bond of terminal alkenes, leading to strengthening field in the inside, opposite, weakening field in the outside. The solvent has also a shielding contribution, σsolvent . It
can form hydrogen-bonds (decreasing electron density for H) and Lewis-acid-base interactions
to neighbouring groups, influencing their electron density and thus the nuclei’s in interest electron distribution. Solvents might bind solutes in a specific orientation (i.e. their relative position
does not average out), then its magnetic field affects the magnetic field of the solutes nuclei e.g. an aromatic solvent, when the nuclei of e.g. CH4 is arranged outside the ring, deshields,
when inside above, shields. These three are the major factors determining the energy difference
between levels, and thus determine the shift of the signal (more later).
However, for multi-spin systems, the energy operator, i.e. the Hamiltonian includes a term that
incorporates the interaction of the spins with each other - this scalar coupling term says that the
2
energy of the system depends on the relative orientation of the spins as well - the term: ( hJ
h̄ )I1 I2
accounts for it. Spins can interact - couple to each other - by either Fermi interaction or dipolar
interaction. Both of these involve first their interaction with the electron pairs in the bond and
then the interaction with these electron pairs with the other nuclei - i.e. the spin-spin interaction
acts through bonds. This is crucial - this is not an interaction, in which the magnetic field generated by one spin would strengthen or weaken depending on its orientation the magnetic field felt
by the other - although this picture qualitatively can explain the interaction, this effect averages
out to zero due to the rapid motion inside the molecule. No, this is a through-bond interaction
with one spin with the other, which involves changing the magnetic field felt by the other nuclei
- but not directly.
The effect of this interaction is easy to understand by considering it one-by-one. Using the fact,
that if a field is applied, only the Iz components will yield non-zero products (if their initial
frequency is considerably different, i.e. they have different shifts) and that their eigenvalues, as
noted above are given by: mN h̄, we get for the interaction energy:
2

2

b = ( hJ )I1 I2 = ( hJ )IZ1 IZ2 ⇒ E = hJm1 m2
H
h̄
h̄

(8.26)

Thus, the total energy of a H-X (here, we use H, but other nucleus could be used as well) is:
E = −µN h̄(1 − σH )B0 mH − µN h̄(1 − σX )B0 mX + hJmH mX

(8.27)

If we have spin-half, i.e. I = 21 nuclei, m = ± 21 h̄. We have thus 4 states, as before, let me denote
them αα, αβ , β α, β β . However, whereas without spin-spin coupling, we have 1 transition for a
given spin, from α → β , now we have two: αβ → β β and αα → β α, with energy differences:
1
∆E = hµN h̄(1 − σH )B0 ± hJ
2

(8.28)

thus, lower and higher than originally by a factor determined by J, the so-called coupling constant. This J, and thus the energy difference is same for the other nucleus, which also undergoes
the same splitting in transitions. Now the coupling to other nuclei is straightforward generalization of this method: other same coupling energy terms appear, for each coupling with J. If the
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nuclei are equivalent (see later), the coupling constant, J is the same. If not, that changes. As a
consequence of this, each transitions splits again in energy, given by the above term.
Now if the spins are excited, the absorption intensity, as given above, will depend on the number
of the spin systems, e.g. for the αβ → β β , the Xβ state - where X denotes that the observed spin
can be in both states. Now, as the energy difference of this from Xα will differ only slightly,
their population will be around the same, thus the two new absorptions will have around the
same intensity. Therefore, if a spin couples to N equivalent nuclei, the absorption intensities will
be given by the Pascals triangle. If not - then we have to draw. It is important, that coupling, i.e.
this interaction will occur only to, as shown in next section, to non-equivalent nuclei (the nuclei
to which 1 nucleus couples can be equivalent though).

8.3.3

Equivalence and exchange

Two nuclei are considered chemically equivalent, if their shift (shift is equivalent to the energy
difference between their states in a given external field) is the same and they are related by a
symmetry operation (i.e. we can do a symmetry operation to bring one into the other - rotation
or reflection). Further, they are magnetically equivalent, if they couple with the same J to the
other nuclei. As J - as detailed in the next subsection - depends on the relative position of the
two coupling nuclei, in a given conformation, for example, in trichloroethane, the CH3 protons
are non-equivalent magnetically, although equivalent chemically (their shift indeed is the same,
as there is no net neighbouring effect from fluorine - this is hard to believe...). As, however
if they can rapidly interrotate into each others position (i.e. on average, they are all at a given
position with the same probability), they will become magnetically equivalent. As whether a
conformational change is allowed or not is temperature dependent (whether the molecules possess the necessary activation energy), magnetic equivalence, clearly, is temperature dependent.
Generally, at low temperatures, nuclei equivalent at higher temperatures can become magnetically non-equivalent, and therefore have different J-s. For example, the cis-trans position H-s at
r-t. are magnetically non-equivalent - but at high enough T, the bond can rotate and they become
equivalent.
Now, as hinted before, coupling of two magnetically equivalent nuclei to each other does not
alter their spectrum/splitting pattern. Prooving this (above we have seen the H-X case, where
they are different) is a bit more involved, but the salient, qualitative point is that originally, we
had 4 states, αα, αβ , β α, β β - them being equivalent magnetically, the middle two states have
the same energy. As a consequence of their interaction, 3 of the states αα, αβ , β β increase by
1
4 hJ because they have total spin 1, whereas the remaining one, β α decrease by three times this
amount, 43 hJ. Now, the allowed transitions are for the spin A are αβ → β α and αα → β α,
which both have the same energy difference, which is same to the original difference as well so no splitting of the transition signal is seen, although the coupling does, of course, occur. As
described above, if the nuclei are only strongly coupled, but not equivalent, the roofing occurs.
Lastly, nuclei are in different environments in different compounds, therefore experience different net magnetic field and coupling and therefore have different energy levels, i.e. they are
chemically different. Similarly, nuclei in different groups in a given compound can be chemically different as well, and even the position of the same group can be different in a compound.
Now, processes may occur, and are called exchange processes, in which these chemically dif-
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ferent nuclei, groups can interconvert into another. This can be a rotation around a bond, or an
atom exchange between two atoms. Each of these processes, unless they have large free energy
difference, may happen, but can be kinetically hindered by a high activation energy barrier. This
can be a steric group in the way, or a bond that has to break temporarily (cis-trans interconversion). Or the tunnelling of a H from one atom to other is hindered by a strong bond. But,
if they possess enough energy due e.g. thermal motion, these exchanges processes, equilibria
might occur - and they become chemically equivalent, similarly can become, similarly as they
become magnetically equivalent. Now all these processes - shielding the major effect, coupling
accounting for the fine details, result in a very informative spectrum, as here, lastly, we discuss.

8.3.4

Spectrum

Now, so far we established, that in an external field a nuclei with spin I, has 2I + 1 spin states,
whose energy differ, and this difference is dependent on the nuclei itself and the net magnetic
field they experience. Also, in a multi-spin system, a transition from the lower energy state to
the higher might occur in different conditions - e.g. when an other, bond-connected nuclei is in
state A or in an other condition, when it is in state A - therefore, 1 transition will split into many
different energy transitions (but will always mean the transition of the given nuclei from lower
to higher energy state, just the conditions differ).
The good thing is, that we ourselves can excite the nuclei with the appropriate energy photon,
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thus from absorption intensities, we can deduce qualitative (which frequency) and quantitative
information (how intense). First, we consider the C13 spectrum. C13 can couple to H and other
spin active nuclei. But by special techniques, it is usually H-decoupled, i.e. no coupling to H
is seen (various methods achieve this) - this comes at a price: the intensities no longer will give
us quantitative information. Nevertheless, generally on the spectrum the intensity of absorption
as a function of energy - but as that would be external magnetic field dependent, i.e. equipment
dependent, we plot the energy deviation from a standard nuclei, the so-called chemical shift:
δ=

f (observ) − f0 (T MS)
? 106 ppm
f0 (T MS)

where

fi =

µN h̄B0 (1 − σi )m
h

(8.29)

which we can see from the cancellation of the magnetic field in the expression of δ . The reference nuclei for H and C is those found in TMS, trimethylsilane (quite electron rich) - for this
compound, the shifts are set to 0. The chemical shift will be positive, if the nuclei in question
is more shielded than that of TMS - and negative in the opposite case. The frequency at which
the reference nucleus absorbs is characteristic of the equipment, the higher magnetic field, the
higher, therefore, instead of using the magnetic field to describe an equipment (up to 12 T), we
use frequencies - 500 MHz, 300 MHz etc.
On the spectrum itself, we plot the intensity of absorption (after Fourier transform of the signal)
as a function of chemical shift which will have a peak wherever a nuclei absorbs. The chemical
shift, if no coupling is present, is determined by the shielding - the more shielded, the smaller
energy difference, the lower shift, the less shielded, the higher energy difference, the higher
shift. It is not, similarly to IR, that we could well predict shielding - it is shielding that we use
to predict electron density (modern approximative methods can do the former as well). The C13
NMR spectrum is in accordance with our expectations based on EN and properties of atoms:
the least shielded, sp2 keto-C comes around 210ppm, similarly, the aldehyde around 200 ppm.
The carbonyl derivatives sp2 carbon is in the 165-185 ppm regions - ester, amide a bit lower,
carbonic acid in the higher part. The aromatic and unsaturated carbons come in the 110-150
ppm region, if the sp3 C is connected to O, they come in 60-80, if to N, in 40-60 region. The
usual sp3 C-s come in the 0-40 region, the less hydrogen, the higher the shift. Generally, as
we have seen, attachment of an electronegative atom increases the shift. Furthermore, in conjugated systems, the beta carbon has usually smaller, the alpha and gamma carbons considerably
larger than usual shifts due to electron delocalization. Also important, that if the nuclei are not
chemically identical, they will have different shifts. Therefore, while enantiotopic nuclei (reflection brings them into each other), groups (i.e. whose replacement by a different group would
produce enantiomers) are chemically equivalent and mostly, therefore, magnetically equivalent,
diasterotopic nuclei, groups (no reflection, rotation can bring them into each other) i.e. whose
replacement with other nuclei, group yields diastereomers, are chemically different, thus have
different shifts. The intensities of the signal don’t give quantitative information, if H-decoupled.
But they can give qualitative, as quaternary carbons usually have significantly smaller peak. For
C13, it is usual to use APC, where, to help identification, the signals are projected above or
below the spectrum depending on how many H the given C binds to.
For H and generally for active nuclei, coupling can happen to a non-equivalent nucleus, or more.
Coupling to a I spin nucleus splits a transition, i.e. a peak into 2I + 1 different energy transitions,
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i.e. peaks, e.g. H to 2, D with I = 23 to 4. In these splits, the energy difference is hJ, thus the
frequency difference is J from the original. This is external field independent of a given nuclei
structure. The intensities of the two resulting peaks are approximately equal. When coupling to
multiple nuclei, the intensity levels are shaped - if two peaks would coincide, the intensity increases. The coupling constants are denoted N J where N is the number of bonds between nuclei.
N = 1 coupling constants are positive, in the range 150-250 Hz, as observed, e.g. with fluorine.
N = 2 are often negative (just means, how the spin states are arranged in energy), in range 10-20
Hz depend on the relative position of the two nuclei - alkene terminals usually have 0-3 Hz, but
bridge H-s 8-18, on average 13 Hz. For 3 J coupling, the coupling constants are approximated
by the Karplus equation, and depend on the dihedral angle, φ :
J = A + Bcosφ +Ccos2φ

A = 7Hz

B = −1Hz,

C = 5Hz

(8.30)

Thus trans-H-es have large 12-18, on average 15 Hz, whereas cis H-s have smaller 0-12 Hz,
on average 8 Hz-s. As noted before, unless rotation allows them to interconvert, and become
magnetically equivalent, CH3 , CH2 hydrogen might have different coupling constants to a third
nucleus as well. 4 bond couplings are very rare, occur only in W positions - in allyl systems 1-3
Hz if in ring, if not in ring, 1-2 Hz. If not coupled, the shift of H nuclei are governed by the
usual factors, and are as follows:
CH3 , CH2, CH in increasing order from 0-1.14 ppm region. If carbonyl, or C-C double bonded
C is attached to the C as well, signal will be 2 ± 0.5ppm. If N is attached, around 3 ± 0.5ppm,
if O, 4 ± 0.5ppm. Double bond H-s are usually in 4.5-6.5 ppm region, the aromatic H-s due to
the deshielding effect of ring current magnetic field outside the ring in the 6.5 - 8.5 ppm region,
whereas the most deshielded aldehyde H around 10 ± 0.5 ppm.
An important fact is the neighbouring contribution in the case of terminal alkynes and aromatic
systems. Coupling will split these signals into two, and again, to two etc. From the chemical
shift difference, knowing the frequency of the reference sample, we can calculate the frequency,
and thus energy difference from the original, and thus the coupling constant.
Generally, coupling can be treated in the same way: 2I + 1 peaks all with similar intensity, even
in C spectrum. Therefore, the signal of CDCl3 being common solvents, can easily be recognised
at 77 ppm as an equal intensity triplet (I = 1)
. Furthermore, the exchangeable protons, do to them existing in equilibrium rather than only
at one species, will appear as a broad signal, and at various frequencies: amid H from 6 to 10
ppm, carbonic acid from 10 to 12 ppm. Alcohols from 1 to 4 ppm, amines similarly. Aromatic
alcohols and amines from 3 to 8 (aniline, phenol), water around 1.5 ppm,DOH around 4.5 ppm.
Lastly, the so-called satellites are important to distinguish from the results of coupling. As we
have discussed, intensity is proportional to occurrence. The satellites are results of coupling
to the rarer, although spin-possessing nuclei - e.g. they occur in H spectra around H signals,
because they couple to the rare C13 (C13 to C13 coupling, theoretically can occur, but two C13
next to each other, is very-very rare), and, e.g. around a singlet, thus a very low intensity doublet can occur, which, however, together with the singlet, is not to be confused with a triplet.
Finally, a reminder is important, that unless the spectrum is decoupled, i.e. one of the couplings
are eliminated, the NMR spectrum gives quantitative information - the area under the integral is
proportional to the amount of the given nuclei present. This can be used to identify, e.g. CH2,
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CH3 etc. groups.
The applicability of NMR is difficult to overestimate: it distinguishes nuclei in different environment, by their shifts, at different positions, by their coupling constants, and shifts (enantiotopic
and diastereotopic position) and also gives their number. This is applied in to decipher protein,
DNA, solid state or any structure, and in medical diagnostics, e.g. MRI as well.

Chapter 9

Quantitative calculations
Apart from determining the identity of a chemical species present in our sample, most of the
time, its quantity is of high relevance as well. Multiple methods, some of which will be reviewed
here, exist to measure the amount present of some species, but it is more difficult to measure
others. Now, the assumption that equilibrium exists and the equilibrium constant we can write
up in these cases, allows us to relate the concentration of distinct species.
Although the logic holds in each case, we will now deal with solutions, where the concentrations
of species will be denoted with []. The key in each case is to:
1. identify the distinct species, i.e. ions, neutral species, all of them, that can be present in
reasonable amount in solution
2. write up the ’composition balance’ equation, i.e. that if we add c0 from one compound C0
and that reacts to form i distinct species Ci with νi stochiometry, the number of chemical entities
must be conserved. Therefore:
composition balance c0 = [C0 ] + ∑ νi [Ci ]

(9.1)

i

3. write up the ’charge balance’ equation, i.e. that the solution must remain neutral, therefore,
the positive with concentration [Pi ] and charge µi+ and negative with concentration [N j ] and
charges µ −
j must balance each other out:
charge balance

∑ µi+ [Pi ] = ∑ µ −j [N j ]
i

(9.2)

j

4. write up every reactions stabilized at equilibrium and their equilibrium constants (where, in
the dilute case, activities can be approximated with concentrations):
aA+bB

cC+dD

K=

[C]c [D]d
[A]a [B]b

(9.3)

5. count the number of unknown species by subtracting from all the species present ones that
we know the concentration of. If that is equal to the number of equations we have, then we
only have to solve the equations. However, if we have less equations then unknowns, we either
have to neglect some species, which we suspect to be in irrelevant concentrations, or make extra
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measurements, e.g. absorption, titration etc. to reduce the number of unknowing. If we managed
to have enough measures, we just have to solve the equations - for which we can use different
methods and tricks, depending on the systems we deal with. These will be discussed in the
following chapter (generally, I assume that we know the initial concentrations - but if they are
asked, and we know something else, we can always use the same equations).

9.1

Acid-base equilibria

Compounds, chemical species might react in numerous ways, in several types of reactions. Acidity is a measure of reactivity in a well defined reaction type, in a well defined way. As every
reaction is reversible (theoretically, i.e. unless there is big free energy difference or kinetics
hinder one way), a good way of measuring the favourableness of a reaction is by measuring the
extent to which it proceeds, i.e. the equilibrium constant.

9.1.1

Acidity fundamentals

Broensted acidity/basicity measures reactivity in the reaction:
HA(acid) + B(base)

HB+ (acid) + A− (base)

(9.4)

i.e. the ability of the species to protonate (then it acts as an acid) other species/withdraw protons (then it acts as a base) from other species. It follows, that acidity can only be interpreted
relatively to an other species - i.e. HA is a good acid with respect to B, if protonates B to a
large extent. Similarly, B is a good base with respect to A, but HB+ then must be a quite bad
acid. Also, that whether acid or base one species is depends only on the reaction we write up if protonates, acid, if deprotonates, base.
Quantification is done by quantifying the acidity of a species with respect to water and then use
it to give their acidity with respect to each other (similarly for basicity).
In water the reactions of interest are:
HA(acid) + H2 O(base)

A(base) + H2 O(acid)

H3 O+ (acid) + A− (base) with
OH− (acid) + HA+ (base) with

[H3 O+ ][A− ]
[HA][H2 O]

(9.5)

[OH − ][HA+ ]
[A][H2 O]

(9.6)

Ka =

Kb =

now the charges appearing on the species, disappearing species only are used to represent their
charge change - it might perfectly well happen, that we write up a reaction in which our base
is positively or negatively charged - but then the product will be double positive or neutral, respectively. Furthermore, in most cases, as we already know that K should contain activities, and
we approximate them with concentrations, can neglect the water in the denominator, because we
assume dilute solutions, thus assign an activity of 1 to it.
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We can use thus Ka and Kb to give the acidity and basicity of a species with respect to water
(H2 O). Simultaneously with this, we often use pKa = −lg(Ka ) and pKb = −lg(Kb ) to refer to
the acidity or basicity of a species. Thus, the acidity of water(H2 O):
H2 O(acid) + H2 O(base)

H3 O+ (acid) + OH− (base) with

Kw =

[H3 O+ ][OH − ]
[H2 O][H2 O]

(9.7)

here, the value of the equilibrium constant is the well-know water-ion product: Kw = 10−14 ⇒
pKw = 14, but, K being a thermodynamic K, we know, that it depends on temperature. Thus, as
pure water must remain neutral implying that the amount of negative OH − and positive H3 O+
is equal, their equilibrium concentration is 10−7 M in pure water.
We can introduce the so-called pH scale: pH ≈ −lg([H3 O+ ]), where the approximations is used
to make clear that the activity is approximated by the concentrations. If the solution contains
more H3 O+ than the pure water, i.e. the pH is lower than 7 (at room temperature), we say it is
acidic, if it is higher, we call it a basic solution. We can also derive, that the acidity and basicity
of a conjugated base pair is clearly are dependent on each other. Conjugated base pair is a pair of
species, in which if one member of a pair acts as an acid, the other member is formed, and if the
other member acts as a base, the first member is formed. For example, H2 O and OH − or OH −
and O2− are acid-base pairs, with the first being the acid, the second the base. The dependence
is easy to show:
KaHA =

[H3 O+ ][A− ] [OH − ][H2 O]
Kw
?
=
⇒ KaHA KbA− = Kw ⇒ pKaHA + pKbA− = 14 (9.8)
−
[HA][H2 O] [OH ][H2 O] KbA−

Finally, we can thus give the acidity of a species with respect to an arbitrary other species as
well (similarly, the basicity):
HA(acid) + B(base)

HB+ (acid) + A− (base) Ka(HA→B) =

[HB+ ][A− ]
[HA][B]

(9.9)

and using the previous definitions:
Ka(HA→B) =

1
1
[HB+ ][A− ] [OH − ][H3 O+ ]
?
= KaHA ? KbB ?
?
[HA][B]
[H2 O]2
(Kw )2
Kw

(9.10)

thus:
pKa(HA→B) = pKaHA + pKbB − 14 = pKaHA − pKaHB+

(9.11)

This shows, that the stronger the acid is with respect to water and the weaker the conjugate acid
of B is, the stronger HA is with respect to B.
It is important, that the sign of pKa does only reflect the extent of protonation - either of water,
or of other species acting as base. The acids, which dissociate completely, i.e. loose (nearly)
all of their protons, are considered strong acids, whereas those dissociating partially, are weak
acids.
Qualitatively, acidity reflects the Gibbs free energy (G = H-TS) change of the reaction, thus
depends on temperature and both on the stability of the product ion, the strength of the X-H bond
and on the entropy change. Generally, therefore, the stronger the X-H bond, the weaker the acid
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is (compare the increasing acidity of hydrogen-halogenids or the acidity increase with oxidation
state increase of transition-metal acids), the more is the product ion stabilized, as reflected by the
resonance structures, the stronger the acid(compare not just the resonant structures, but the atom,
on which the charge is delocalized to). Consequently, the SSS inorganic acids are generally
strong Broensted acids, and although organic acids are generally weak (2 resonance structure),
they can be made more acidic by adding electron-withdrawing substituents (CF3COOH) by them
lowering the energy of the product ion. We first inspect these strong acids, than the other types.

9.1.2

Strong acids

In case of a typical strong acid, HA, in our solution, we only have: H3 O+ , OH − , A− ions, as
by definition, the strong acid has dissociated completely. We need 3 equations to get these
concentrations. Using the previously detailed method, we write:
component balance c = [A− ]

(9.12)

charge balance [H3 O+ ] = [A− ] + [OH − ]

(9.13)

equilibrium constant Kw = [H3 O+ ][OH − ]

(9.14)

we have used that the activity of water is 1. Then we use the charge balance and the equilibrium
constant to get a final expression featuring only [H3 O+ ], which can easily be solved:
[H3 O+ ] = c +

Kw
≈1 c
[H3 O+ ]

(9.15)

The first approximation is true for the cases when we suspect that the solution is sufficiently
acidic such that the hydroxyl ions can be neglected.
If we deal with the salts of strong acids, we can assume that they wont hydrolyse.
Similarly can we deal with strong bases as well. However, when either the acid or the base is very
dense, these formula can not be applied, we have to use the activities instead of concentrations.
Now in most of the cases, however, we can not say that the dissociation will be complete (even,
as we have seen, if one acid is strong against water, it can be weak against an other base - a base
whose conjugate acid is stronger than oxonium ion). In these cases, we have to treat them as
weak acids (bases).

9.1.3

Monoprotic acids (monohydroxyl bases)

In these general cases, we have H3 O+ , OH − , HA and A− present, and therefore, we need four
equations to describe the system. As the dissociation of our acid now is not complete, our fourth
equation is the dissociation of that acid and its equilibrium constant.
component balance c = [A− ] + [HA]

(9.16)

charge balance [H3 O+ ] = [A− ] + [OH − ]

(9.17)

equilibrium constant Kw = [H3 O+ ][OH − ]

(9.18)
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Ka =

[H3 O+ ][A− ]
[HA]

(9.19)

Here, we can express the terms appearing in the equilibrium constant with [H3 O+ ] easily using
the first two equations. Then we obtain:
K=

[H3 O+ ]([H3 O+ ] − [OH − ])
c − [H3 O+ ] + [OH − ]

(9.20)

this general expression can be simplified and rendered solvable analytically, in several cases:
if the solutions is expected to be acidic enough for the neglection of the hydroxyl ion, and
subsequently, if the solutions is concentrated enough:
K ≈1

√
[H3 O+ ][H3 O+ ]
[H3 O+ ][H3 O+ ]
+
≈
⇒
[H
O
]
≈
c?K
1,2
3
1,2
c − [H3 O+ ]
c

(9.21)

if the solution is not strongly acidic or basic, but concentrated enough, we instead use:
K ≈3

[H3 O+ ][H3 O+ ] − Kw
c

(9.22)

if the solution, however, is so dilute, that the dissociation is complete, we may treat the weak
base as strong base, dissociating completely [H3 O+ ] ≈5 c + [OH − ]. However, if it is both very
dilute and very weak [H3 O+ ] ≈5 c + [OH − ] ≈5,6 [OH − ], the pH will be determined by water’s
dissociation and will remain at neutral value. Therefore, we should be very careful treating even
weak acids. Best practice is to use the crudest approximation, then check whether the result
given makes the approximation eligible - if not, go back one step.

9.1.4

Buffers and salts (monoprotic)

First, let us consider a salt with a strong acid, base, i.e. a non-reactive, non-hydrolysing cation MA. Let us allow for an input of both the salt and the acid, HA and MA, to solve for the general
case. In this case, in our solution we have an extra species, the cation, M + . Thus, we have
H3 O+ , OH − , HA and A− , M + and we therefore would need 5 equations. The fifth equation is
very obvious: the stochiometry of the salt implies a component balance for the cation. Thus:
component balance cacid + csalt = [A− ] + [HA]

(9.23)

component balance csalt = cM = [M + ]

(9.24)

charge balance [H3 O+ ] + [M + ] = [A− ] + [OH − ]

(9.25)

+

−

equilibrium constant Kw = [H3 O ][OH ]

(9.26)

[H3 O+ ][A− ]
(9.27)
[HA]
we then use the similar strategy as we have used for the weak acids, and express each term of
the equilibrium constant in terms of the [H3 O+ ], to get:
Ka =

K=

[H3 O+ ](csalt − [OH − ] + [H3 O+ ])
cacid − [H3 O+ ] + [OH − ]

(9.28)
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which can further be simplified using the approximations introduced above (not forgetting, that
a solution of a strong base - the result of deprotonating a weak acid - is basic, not acidic):
K ≈1

[H3 O+ ]csalt
[H3 O+ ](csalt − [OH − ])
≈
1,2
cacid + [OH − ]
cacid

(9.29)

the last form is also frequently quoted as Hendelsohn-Hasselbach equation, and is quite useful
when guessing the pH of so called buffers. Buffers generally are mixtures of a salt and its acid,
and have the remarkable property, that they diminish the pH change caused by acid or base
addition (with respect to pure water - which, also is a buffer of course as has both acid and its
salt anion present).
However, it is clearly seen, that when only the acid is present, we get back the formula for a
weak acid. When no acid, but solely the salt is present, we obtain:
K=

[H3 O+ ](csalt − [OH − ] + [H3 O+ ])
[H3 O+ ](csalt − [OH − ])
Kw csalt
≈
≈1,2
1
+
−
−
[H3 O ] + [OH ]
[OH ]
[OH − ]2

(9.30)

from which the first approximation for a pH of a dissociating salt is obtained.

9.1.5

Ampholites and diweak salts

Ampholites are salts, in which one of the ions can both do acidic and basic hydrolysis. Good
2−
examples are the HCO−
3 and the HPO4 . Let me represent it as MHA, and thus the following
equilibria exist:
H2 A HA− + H + A2− + H +
(9.31)
We have thus 6 species present: H3 O+ , OH − , HA− , A2− , H2 A, M + , and therefore, we need 6
equations: we have three equilibria, 2 composition balances and one charge balance, so we are
fine:
component balance csalt = [M + ]
(9.32)
component balance csalt = [H2 A] + [HA− ] + [A2− ]

(9.33)

charge balance [H3 O+ ] + [M + ] = 2[A2− ] + [OH − ] + [HA− ]

(9.34)

equilibrium constants Kw = [H3 O+ ][OH − ]

(9.35)

K1 =

[H3 O+ ][HA− ]
[H2 A]

and

K2 =

[H3 O+ ][A2− ]
[HA− ]

(9.36)

Now what we do to proceed is the following: rearrange the charge balance to have the [H3 O+ ]
on one side, and using the component balance, substitute in the cation concentration and then
the equilibrium constants:
[H3 O+ ] = −[H2 A] + [OH − ] + [A2− ] = −

Kw
K2 [HA− ]
[H3 O+ ][HA− ]
+
+
K1
[H3 O+ ]
[H3 O+ ]

(9.37)
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upon multiplication with [H3 O+ ], rearrangement, factorization and taking a square root, this
yields:
v
u
u Kw + K2 [HA− ]
+
(9.38)
[H3 O ] = t
−]
1 + [HA
K1
this exact form can, again, be simplified using some approximation. If we first assume that
[HA− ] ≈7 csalt , and that we have dominant terms in both the denominator and the numerator
(i.e. the solution is sufficiently concentrated, and the acids are sufficiently strong and weak,
respectively), we can get that:
s
√
Kw + K2 csalt
+
[H3 O ] ≈7
(9.39)
≈7,8,9 K1 K2
csalt
1 + K1
implying, that on first approximation, the pH of an ampholite can be given as:
pH ≈7,8,9

pK1 + pK2
2

(9.40)

Now salts where both components hydrolyse can be treated in a very similar manner. If we have
the salt HA+ B− , and have the equilibria:
HB

B− + H + + HA+

A + H+

(9.41)

we have the 6 necessary equations, very similar to those before:
component balance csalt = [HB] + [B− ]

(9.42)

component balance csalt = [HA+ ] + [A]

(9.43)

charge balance [H3 O+ ] + [HA+ ] = [B− ] + [OH − ]

(9.44)

equilibrium constants Kw = [H3 O+ ][OH − ]

(9.45)

K1 =

[H3 O+ ][B− ]
[HB]

and

K2 =

[H3 O+ ][A]
[HA+ ]

(9.46)

we can get a general expression for the pH, by, again, rearranging the charge balance to have
[H3 O+ ] on one side, then substituting in an expression for the two charged species using the
component balances (the salt concentrations cancel), and then rearranging - this gives us:
v
u
+]
+ ][B− ]
u Kw + K2 [HA+ ]
K
K
[HA
[H
O
w
2
3
+
+
t
=
+
⇒
[H
O
]
=
(9.47)
[H3 O ] +
3
−
K1
[H3 O+ ]
[H3 O+ ]
1 + [B ]
K1

to render this general equations solvable, if and only if they are justified, we can use the exact same approximation we have used for the ampholite case: assuming that the hydrolysis is
negligible, and that the denominator and the numerator has dominant terms. This gives us:
[H3 O+ ] ≈7,8,9

√
pK1 + pK2
K2 K1 ⇒ pH ≈7,8,9
2

(9.48)
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now in both of these cases we must be extremely careful. We should find the proper equilibrium
constants, here given as acidity constants. Also, we should at least have a clue on what pH to
expect - if acidic, use [H3 O+ ], if basic, use [OH − ]. And also, we should be very careful with
the approximation, and use a one step (approximation 7 usually holds, 8,9 not always) before,
if one approximation fails to give a sensible, self-justifying result. However, it is crucial, that if
one constant is very small - i.e. with ampholites, the hydrolysis is stepwise, with the subsequent
constant being very small (K1 >> K2 ), as in the case of carbonates, instead of the 1 and the Kw ,
we neglect the K2 term, and have reduced our equation for the weak base case ( 1 can still be
neglected) This is crucial to see.

9.1.6

Multiprotic acids

If the acid is of the general form, Hn A, i.e. can protonate n times, calculating the pH of its
solution is less straightforward, because it is characterised by n equilibrium constants accounting
for the concentration of the n+1 forms present:
composition balance c = [Hn A] + [Hn−1 A− ] + ... + [An− ]
equilibrium constants Kk =

[H3 O+ ][Hn−k Ak− ]
[Hn−k+1 A(k−1)− ]

(9.49)
(9.50)
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if the first constant is considerable larger than the others, than we can treat it as a simple monoprotic weak acid - for reasons discussed in the ampholite case, i.e. that the further dissociation
becoming negligible compared to the first hydrolysis step. In the general case, although we can
not give the pH analytically, we can give all the concentrations, once the pH is given. To see this,
we introduce the αH , by combining the equilibrium constants with the composition balance:
c = [An− ] + [HA(n−1)− ] + ... + [Hn A] = [An− ] +
= [An− ](1 +

[H3 O+ ][An− ] [H3 O+ ]2 [An− ]
+
... =
Kn
Kn Kn−1

n
[H3 O]
[H3 O+ ]i
+ ...) = [An− ](1 + ∑( i
= [An− ]αH
Kn
K
)
i ∏ j n− j+1

(9.51)

(9.52)

now the second term in the product was obtained by stepwise substituting in expressions for the
acids form featuring only the fully protonated form. It is crucial, and again, crucial to see, that
the terms in that expression are just the concentrations of the individual species divided by the
concentration of the fully protonated form, and therefore their ratio, which depends only on the
pH, gives the ratio of the individual forms, i.e. for a diprotic acid:
[H2 A] : [HA− ] : [A2− ] =

[H3 O+ ]2 [H3 O+ ]
:
:1
K1 K2
K2

(9.53)

meaning, that the pH alone gives, determines the ratio of the forms present for a given set of
equilibrium constants. Because this expression is of high importance, we denote it with αH , and
thus, in each case, if the pH is given, we can use that:
c = [An− ] ? αH

(9.54)

this holds true (as we have used only the equilibrium constants and the composition balance)
whenever we have an acid present in a solution - independently of the other ions, i.e. whether
we put it in as a salt or pure form etc. If we know the pH, and the concentration of any one
form or the total concentration, we know everything. If we do not know the total concentration,
nor the concentration of any of the forms, we can always recur to our last equation, the charge
balance, to calculate them (it is important, that it is necessary to do so - that has to be satisfied
as well). In case of non pure acids, however, we should not forget about the presence of other
ions. If we know the pH, that simplifies (thus) the calculations, and allows us to determine other
unknowns. The good thing is, that pH can easily be measured.

9.1.7

Amino acids

Amino acids are organic acids which apart from containing an amine group, contain an amine
group as well. They are called α, β , γ, δ , etc amino acids depending on the relative position of
the amine group with respect to the carboxylic acid group. They might contain additional amine
or carboxylic acid groups, but here we limit our attention to the simple AA, (NH2 )RH(COOH).
The COOH group can protonate a base, the more readily, the weaker is its conjugate acid, the
less stable is the base. The amine group can deprotonate an acid, the more readily, the stronger
the acid is. Therefore, it is not surprising, that in its solid form, the amino acid exists as twin-ion,
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i.e. (NH3+ )RH(COO− ) form, because the carboxylic group can readily protonate the relatively
weak base amino group.
First, we want to determine the pH established by the forms of amino acids. First, the twin ion,
then the salts. In general, we have 2 independent equilibrium constants, K1 for the deprotonation
of the COOH and K2 for the deprotonation of the NH3+ - most of the time, the acid is much more
acidic then the ammonium salt (pK around 5 vs. pK around 10 - charge stabilized on O instead
of N and resonance stabilization) - therefore, we will be able to treat the systems in steps.
Now these twin-ions are essentially ampholite systems, and thus if we assume that they hydrolyse only to a negligible extent (large difference between the K-s means twin ion is bad acid and
bad base) compared to the total concentration is given by the previously derived expression:
s
Kw + K2 csalt
+
[H3 O ] ≈7
(9.55)
1 + cKsalt1
it is important, however, not to proceed and make the other approximations without thinking.
namely those approximations mean that the we assume the pH of the solution to be considerably
acidic or basic - but that is very rarely the case, the pH of a pure, non-basic, non-acidic amino
acid is around 7, but given more accurately by the above formula. In other words, the above
formulas gives the pH at which it exists purely as twin-ion, (which is its stable state in solid
state), also called isobestic point.
Now, if we instead of the twin-ion, dissolve the salt M + AA− , i.e. the form COO− , NH2 it can
essentially be treated as a weak base, with base constant Kb = KKw2 . To see this, we write up the
charge balance (writing this up leads to the trivial conclusion we have drawn in the twin-ion
case):
[H3 O+ ] + [AA+ ] + [M + ] = [AA− ] + [OH − ] c = [AA01 ] + [AA02 ] + [AA+ ] + [AA− ]

(9.56)

and we assuming that only the protonation equilibrium can proceed to a considerable extent,
producing AA01 ], i.e, the twin-ion (other neutral form does exists, just in small number), we
have:
[H3 O+ ] ≈ [AA− ] + [OH − ] c ≈ [AA01 ] + [AA− ]
(9.57)
which can be solved as we have done in the weak acid case - as long as we substitute in in the
right forms, it should not matter, whether we substitute in into the acid or base constant of the
conjugated acid-base pair, as they are dependent, related as we have shown before.
Similar reasoning leads to the conclusion, that the salt, HAA+ X − , i.e. the form COOH, NH3+ can
be treated as a weak acid with equilibrium constant K1 . In the case we deal with an amino acid,
that contains extra amino or carboxylic groups K1 , K2 , K3 , and we dissolve any form of it, writing
up the charge balance and neglecting the irrelevant terms - if the equilibrium constants are placed
far enough apart from each other (at least pK 3 difference), we can treat them as: weak acids with
K1 if the form COOH, NH3+ +COOH/NH3+ is present, as K1 , K2 ampholites if COO− , NH3+ +
COOH if K2 is for the dissociation of the sidechain carboxyl group, similarly, as ampholites if
COO− , NH3+ +COO− is present, with K2 and K3 , the latter standing for the deprotonation of the
amine and as a weak base with base constant KKw3 if it is completely deprotonated. (if we have
two basic groups instead of two acidic, the reasoning is similar, we have an acid, two ampholites
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and a base, just at other pH-s).
However, if instead of the form we dissolve, the pH obtained is known, it is better to use the
method we developed for multiprotic acid - and treat the amino acid as such (we have done
that before by introducing the acidity constants instead of base constants). Thus, for a neutral
side-chain AA:
c = [AA01 ] + [AA02 ] + [HAA+ ] + [AA− ]
(9.58)
here, the only complication is caused by the presence of the second neutral form.

That usually is neglected (as we have done before - because it will be present indeed in small
concentration, as the acid group protonates the basic amine) but we have no reason to do that
here. From our previous discussion, we know that for an acid loosing protons in sequence:
c = [HAA+ ](1 +

K1 K2
K1
+
+ [AA02 ])
+
[H3 O ] [H3 O+ ]2

(9.59)

we use the reaction:
(COOH)(NH3+ ) + (COO− )(NH2 )

2(COOH)(NH2 ) K =

[AA02 ]2
[AA− ][AA+ ]

(9.60)

to account for its presence. Now this K is just the acidity constant of [AA+ ] with acidity constant
with respect to water K2 with respect to [AA− ] with acidity constant K1 with respect to water

154

CHAPTER 9. QUANTITATIVE CALCULATIONS

- assuming independent reactivity of the base and acid groups. Thus, using the formulae we
already know:
Ka(HA→B) = KaHA ? KbB ?

1
[AA02 ]2
1
= K2 ?
=
=K
Kw
K1 [AA− ][HAA+ ]

(9.61)

this implies, that:
s
[AA02 ] =

K1 K2
[HAA+ ]K2
K2
? [HAA+ ][HAA+ ]
=
K1
[H3 O+ ]2
[H3 O+ ]

(9.62)

and thus can be factored into the expression for αH , to yield for a simple amino acid that
c = [HAA+ ](1 +

K1
K2
K1 K2
+
+
+
+
[H3 O ] H3 O ] [H3 O+ ]2

(9.63)

However, it is obvious, that we were right to neglect it at any pH: K2 << K1 ⇒ [AA01 ] >> [AA02 ].
For dibasic, diacidic amino acids, however, further terms can, for the same reason appear in αH ,
which, however, based on our assumption, that the acidity constants are considerably different,
can be shown to be irrelevant. However, if the acidity constant are not different enough, we must
factor them into our expression, calculations by:
1. writing up an equation for their formation and 2. using the relative acidity formula with
assuming the independence of K-s to derive an expression for the equilibrium constant with the
known constants of sequential deprotonation 3. factoring out the most protonated form.

9.1.8

Mixture with strong acids

If we mix strong acids HA and HB, by definition, they will dissociate completely, similarly to
their pure case. Thus, we can use the same charge equation, but complemented with the other
strong acid, HB:
Kw
[H3 O+ ] = cHA + cHB +
≈1 cHA + cHB
(9.64)
[H3 O+ ]
However, if we mix a strong (HA) and a weak (HB) acid, the strong acid completely dissociates,
which shifts the dissociation equilibrium of the weak acid backwards:
cHA = [A− ] cHB = [HB] + [B− ] K =

[H3 O+ ][B− ]
[HB]

(9.65)

and using the charge balance, we have:
[H3 O+ ] = [B− ] + cHA + [OH − ] ⇒ K =

[H3 O+ ]([H3 O+ ] − cHA − [OH − ])
cHB + cHA − [H3 O+ ] + [OH − ]

(9.66)

most of the case, we have a definitely non-neutral solution, so we can approximate this expression with:
[H3 O+ ]([H3 O+ ] − cHA )
K ≈1
(9.67)
cHB + cHA − [H3 O+ ]
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From this, the pH can be calculated. It is worthwhile noticing, that this formula holds for the case
when the first proton of an acid behaves as if it was on a strong acid and dissociates completely,
whereas the second behaves as a weak acid proton. A good example for this is the sulphuric
acid, H2 SO4 , which is a strong acid to form HSO−
4 but which is a weak acid to further dissociate
into SO2−
.
To
derive
this
result,
one
should
not
forget about the double charge of the sulphate
4
ion.

9.1.9

Mixture with weak acids

Generally, if we start out with weak acids HA and HB, with KA and KB respectively, our charge
and composition balances:
cHA = [A− ] + [HA] cHB = [B− ] + [HB] [H3 O+ ] = [A− ] + [B− ] + [OH − ]
KA =

[H3 O] [A− ]
[HA]

KB =

[H3 O+ ][B− ]
[HB]

(9.68)
(9.69)

now, to render these system of equations analytically easily solvable, we - under certain circumstances - can make well justified approximations.
If K1 >> K2 , then we can say that the pH is set solely by the first acid (pH of a weak acid),
whereas the dissociation of the second, weaker acid can be neglected. Then, as before:
K=

[H3 O+ ]([H3 O+ ] − [OH − ])
c − [H3 O+ ] + [OH − ]

cHA = [HA]αHH A

cHB = [HB]αHH B

(9.70)

On the other hand, if we have a very dilute solution, we can treat both of them as strong acids,
i.e. having dissociated completely. Then, as before:
[H3 O+ ] = cHA + cHB +

Kw
[H3 O+ ]

(9.71)

In other cases, when both simultaneously contribute to the pH, it is better to ask the computer to
solve the system of simultaneous equations. By now, it is obvious, that if we, however, give the
pH set by any acid mixture, using the charge balance equation and the αH form of the component
balance equations, we can easily calculate first the ratio, then using charge balance, the actual
concentrations of the species present in the solution.

9.1.10

9.2

Other acid-base concepts

Complex formation equilibria

Complexes, or coordination compounds consists of one or more central atoms and so-called
ligands coordinating around it. The coordination involves secondary interactions - not covalent
bond formations. As will be discussed later, they can adopt various shapes and show therefore
various kinds of isomerism. Here, we represent them as MLn .
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Principles of formation

The complex MLn can be treated very similarly to an acid Hn A, as it forms in n consecutive
steps, each with an equilibrium constant, denoted as stability constant, K:
M+L

ML

K1 =

[ML]
[M][L]

(9.72)

ML + L

ML2

K2 =

[ML2 ]
[ML][L]

(9.73)

..
.
MLn−1 + L

(9.74)
Kn =

MLn

[MLn ]
[MLn−1 ][L]

(9.75)

here, the charges are omitted - but they of course are sum of the charges of the individual components, in each case. Compare this with the protonation of an acid:
An− + H +
HA(n−1)− + H +

HA(n−1)−

Kp,1 =

H2 A(n−2)−

Kp,2 =

1
Ka,n
1

Ka,n−1

(9.76)

etc.

(9.77)

thus, the protonation constants, the k of which being the reciprocal of the n-k+1-th acidity constant are analogous to the stability constants. Most of the time, however, instead of stability
constants K, the cumulative stability constants are used:
M+kL

βk =

MLk

[MLk ]
[M][L]k

(9.78)

i.e. the equations summing up all the 1st, 2nd, 3rd...k-th ligation processes. Generally it is true,
because ∆r G = −RT lnK, if k consecutive process has equilibrium constants K1 , K2 , K3 ...Kk ,
the net process will have K = ∏ki Ki (use the properties of logarithms). Therefore, for the k-th
cumulative stability constant, we have:
k

βk = ∏ Ki

(9.79)

i

Furthermore, this analogy allows us to rewrite the component balance equation for the central
atom in a manner similar to the multiprotic acids:
cM = [M] + [ML] + [ML2 ] + [ML3 ]... = [M] + [M][L]β1 + [M][L]2 β2 ... =
= [M](1 + β1 [L] + β2 [L]2 + β3 [M]3 + ... + βn [L]n ) = [M]αL

(9.80)
(9.81)

this again, means that similarly to the [H3 O+ ] and αH with acids, here if we know the [L], we can
give the ratio of the species present, because they each correspond to a term in αL . Conversely, if
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[L] and the concentration of any other form is known, we can calculate the total concentration or
if the total concentration is known besides [L], we can calculate the concentration of individual
species.
To figure out the concentration of [L], it is useful to write up its component balance equation:
cL = [L] + [ML] + 2[ML2 ] + ... + n[MLn ]

(9.82)

Generally, Kn > Kn+1 , and therefore, βn as a function of n is monotonically increasing. The first
case we can easily deal with is the one where:
1. cM << cL and there is only 1 complex or one dominant complex MLn : here, we expect that
the ligands will bind to nearly all the ligand-binding sites,
[L] ≈1 cL − ncM

(9.83)

If this first approximation (that L is in excess) can not be used, but we have a form that is
exceedingly stable, i.e. has a very large β :
2. if βk >> βi , then we expect that most of the ligands will be found in that complex, and thus:
[L] ≈2 cL − kcM

(9.84)

if none of these apply, we most of the time recur to measurements that directly detect the amount
of free ligand present. Both the quantity of free metal/central atom and ligand can be (most of
the time, with some tricks) easily measured, e.g. with spectrophotometry at the right wavelength
(last section of this chapter).

9.2.2

Simultaneous equilibria affecting formation

Now, so far we have established, that for the formation of the complex MLn , the following
cumulative stability constant gives the stability:
βn =

[MLn ]
[M][L]

f or

M+nL

MLn

(9.85)

however, it might well happen that either or both M and L can participate in other reactions.
Usually in a system, not only L but S can also form complex with M or L can form other
complexes with it. Generally, thus:
cM = [M](αL + αS + ...) ⇒ [M] =

cM
∑i αi

(9.86)

thus, in order to determine [M] we only have to know the free [S], [L] etc - for which we either
use the above approximations or measure it directly. The ligand L, however, usually participates
in side-reactions as well. It might be prone to protonation, deprotonation, for example S2 − can
be protonated easily to HS− . The component balance of L:
cL = [L]αH + complexed L-s

(9.87)
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now the last term can be treated either:
1. if it is in really big excess, we can neglect it
2. if it is not in excess, but we know the amount of complexes formed - either from measurements
or from assuming the formation of a dominant complex with amount deduced from the central
atoms amount, we can subtract it from the total concentration
Now, after these corrections, we get that:
[L] =

c0L
αH

(9.88)

reinserting these into the cumulative stability constant equation, we get that:
βn =

[MLn ]
cM c0L
∑i αi αH

(9.89)

from this, we can either determine beta or the actual amount of complex present (we might have
used approximations of this to get [L] and [M] as before, and therefore, this expression should
yield a value in accordance with the neglecting/assumptions).
Lastly, if only the complex MLn is dissolved in a solvent in c molar concentration, where we
know [H] and [S] (an other, weaker complexing agent), and its equilibrium is determined by the
x mole that dissociates in a dm3 , we have:
βn =

c−x
x x
αH αS

(9.90)

this equation allows us to compute the amount of complex that hydrolyses. Of course, it assumes
that the dissolution does not significantly affect the initial [H] and [S]. For example, if we titrate
a metal-indicator complex with EDTA, when it is completely titrated, it will contain only EDTAmetal complex, with a fix amount of complex forming indicator present in the solution and a pH
set by a buffer - we can then calculate the amount that dissociates. Therefore, it is crucial to set
the pH and the indicator amount right, in order to minimize dissociation at equilibrium.

9.3

Dissolution and solubility equilibria

A third type of reaction, and thus a third type of equilibrium (again, theoretically every reaction
will relax to an equilibrium after a time if enough material and energy is provided) is that of
dissolution of salts. If I have a salt P, if it is put into a solvent, S (for solubility) mole can
dissolve from it in 1 dm3 at most - that is when the chemical potential of the dissolved salt
reaches that of the solid (as we have discussed before). Of course, the dissolution has a standard
Gibbs free energy change and thus K - we now explore how this is related to S, the solubility
and the solubility of a salt can be altered.

9.3.1

General dissolution equilibrium

Let us now consider a salt of the formula Mm Nn - all the salts can be treated in a manner similar
to these. Let me know disregard the charges - although they should never be forgotten, the
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important point here only is that they sum up to zero in Mm Nn . The solution reaction in an
arbitrary solvent:
Mm Nn (s)

m M(solv) + n N(solv) L = [M]m [N]n

(9.91)

in writing up the equilibrium constant (denoted as L), the fact was used that the activity of a
solid is 1 and that the activity of a solute in most case can be approximated by its concentration.
We can use L to approximate the dissolution enthalpy and entropy change (we could have used
the cumulative and normal stability constants and the acidity constants for the same purpose):
∆sol G = ∆sol H − T ∆sol S = −RT ln(L)

(9.92)

although from 2 values for L at two different temperatures, we can calculate the standard entropies and enthalpies, assuming that they are temperature independent, generally, if we have
more values, we use the van’t Hoff equation:
ln(

L2
−∆sol H 1
1
)=
( − )
L1
R
T2 T1

(9.93)

this equation holds at a constant pressure for different T-s. If ln(L) is plotted, the entropy change
can be determined from the y intercept (extrapolation - see above equation).
Now for the relation between solubility and the solubility product, L in the simple case when
apart from solution, the solute ions do not participate in side reactions, we note that:
r
L
(m+n)
m n (m+n)
(9.94)
[M] = mS [N] = nS ⇒ L = m n S
⇒S=
m
m nn
thus, if we know the stochiometry of the ion and the solubility product, we can give the solubility
of that salt.
This equilibrium, however, holds only, if a small amount of salt is present, i.e. the solution is
saturated. Generally, it is always a good practice when we have X moles of a salt to be dissolved
or various concentrations of ions in solution, to check first whether it dissolves completely /
the precipitate forms because the solubility of one salt is exceeded - using the solubility given
above. When the calculations indicate that it can not be dissolved completely / precipitate forms,
assume that all of it precipitates and from that phase x mole is dissolved - in this case, x will
equal to the solubility of the salt. Now although the value of L is fix at a T, S can be altered by
decreasing the amount present as free [M] or [N] from the dissolved M mole per dm3 . There are
multiple ways to do this, these are explained in the followings.

9.3.2

Own ions presence influencing solubility

It might happen, that the salt Mm Nn is dissolved in a solution already containing cM M and cN
of N. First, in this case, it has to be checked, that all of the salt can dissolve or not, using the
above formula for the solubility-L relation. If yes, no problem, it dissolves.
If not, as the solubility would be reached or exceeded, we assume that all of the salt forms a
precipitate and only S’ (the solubility in this case) dissolves. The solubility product is constant:
L = (cM + mS0 )M (cN + nS0 )N

(9.95)
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where S’, the solubility, gives the maximum amount of salt (per dm3 ) that can dissolve. Now,
from this expression, S’ can be calculated - but not that easily, we get a polynomial of (n+m)th
order. Now if we assume, that either M or N is in great excess in the solution compared to the
dissolved amount from the salt (usually, L is low, so this approximation is valid in a wide range also, simultaneously they can not be both in large excess, as then, originally a precipitate would
have formed), we can neglect the dissolved amount in the expression and get:
L ≈2 (cM )M (cN + nS0 )N

(9.96)

and if only one own ion (M) is present:
s
L ≈2 (cM )M (nS0 )N ⇒ S0 ≈2

L

n

nN cM
M

(9.97)

which is convenient to use. Now, as we can see, S’ ¡ S, the presence of own ions reduce the
solubility of a salt.

9.3.3

Simultaneous equilibria influencing solubility

Now assume that in the solution in which our salt is to be dissolved, or in which a precipitate
might form, a complexing agent and/or a protonating agent is present. Again, first, we have to
check, whether a precipitate forms or not / whether the whole salt can dissolve or not. Now
only if not can the solubility equilibrium be used. Depending on the pH, N might be protonated
usually (or loose protons) and M can usually be complexed e.g. by water, hydroxide, cyanide
etc. ions.
Generally, if complexation is not done by the own ion, we can use that:
cM = [M]αL = mS0

(9.98)

and if N can be protonated, we know that:
cN = [N]αH = nS0

(9.99)

nS0 n mS0 m
) (
)
αH
αL

(9.100)

thus, we can write that:
L=(

it is important to note that if additional M or N was present in the solution, we simply have to
account for it by instead of nS’, writing nS0 + cN and similarly for M. Also, we note, that as αL
includes the free form of the complex forming L, it might depend on the pH as well (e.g. if OH −
L
.
is the complexing ligand or NH3 ) as generally, if L can be protonated, deprotonated, [L] = αcH,L
+
Of course, to calculate αH , αL in any case, [H3 O ] and [L] has to be known. The former can
be calculated from the acid present (or base), whereas the latter from measurements (e.g. absorbance), or its total concentration and its αH value, using the approximations (see complex
formation equilibria). In these cases, we could assume that the solution itself does not considerably affect the ligands or oxonium ions concentrations, because they were not own ions of
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the complex. Their presence, however, decreased the amount of free ion present for a given
dissolved concentration, and therefore increased solubility.
However, it might occur, that the own ion of the salt forms complex with the dissolved ions e.g. Pb(OH)2 and might be dissolved as [Pb(OH)4 ]2 −. These cases need a separate treatment.

9.3.4

Dissolution through complexation by own ion

The solubility of salts, like Al(OH)3 , Zn(OH)2 , Cr(OH)3 is complicated by the fact, that the
dissolved cation can form a stable complex with its own anion - e.g. [Al(OH)4 ]− . Now, if the
own ion is already in great excess in the solution, we can simply calculate the amount of free ion
using αL - e.g. we dissolve aluminium-hydroxide in a strong basis, as discussed above. Then,
the solubility can easily be computed in these solutions, where the already present amount can
determine the αL value.For example:

L = [Al][OH]3 =

S0
[OH]3
αL

(9.101)

where the base and thus αL is calculated using the already present concentrations, and thus with
the solubility product, we obtain the solubility in such solutions. However, if we are looking for
the solubility of such salts in pure water, or at least in media where their ions are absent we can
assume, that they will not significantly change the pH (as only small amount is dissolved), and
thus [H3 O+ ] = 10−7 M. This, for example, allows us to calculate the solubility of Bi2 S3 , where
the sulphide can hydrolyse to HS− and HS. First, again, we check that precipitate forms or we
can not dissolve all our sample, then, the solubility equilibrium is established. We write

L = [Bi]2 [S]3 = (2S0 )2 (

αH = 1 +

3S0 3
)
αH

with

[H3 O+ ] [H3 O]2
+
K2
K1 K2

(9.102)

(9.103)

where the pH is not affected, i.e. remains approximately neutral. Thus, it is seen, that the own
ion, if can form complex, increases solubility - in contrast with the case, when it can not form
complex.
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Electrochemical equilibria

The principle of electrochemical cells was to separate a net reaction, independently whether
it is a redox reaction or not, into two half-reaction, the difference of two reductions. The net
reactions driving force is the Gibbs free energy decrease in the reaction, or equivalently the cell
potential, which can be written as the difference between the two half cells free energy decrease
or electrode potential. It follows, that if we can alter the electrode potentials, we alter the total
cell potential and thus the spontaneity of a reaction - we might even reach equilibrium, i.e. a
state, where the reaction does not proceed in either direction. In the following subsections, the
manipulation of the electrode and thus cell potentials is explored.

9.4.1

General view about cell potentials

Now cell potentials, which are potentials measured across the two electrodes at which the two
half-reactions of the reaction can happen, at no current flowing through and eliminated junction
potentials) are equivalents, direct measures of the Gibbs free energy of a reaction:
∆r G = −νFE

(9.104)
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and thus, at equilibrium, i.e. the state when the Gibbs free energy (remember, defined as the
slope of the G of the system as the reaction proceeds: ∆r G = ( ∂∂ Gξ ) p,T ) is 0, we have:
∆r G = 0 = ∆r G + RT lnK ⇒ νFE = RT lnK

(9.105)

thus, the standard cell potential, being the direct measure of the standard Gibbs energy change,
is equivalent to the thermodynamic equilibrium constant. Now, the following, I think is one of
the most important points in this booklet:
the K contains the equilibrium activities. The activities are dimensionless. Their measure - as
discussed above - are ppi , cci and 1 for pure compounds. However, the choice of standard is
arbitrary. We usually choose 1 bar and 1 M and then the standard Gibbs energy change (which is
a difference between the initial and final states) refers to such a reaction and we divide by these
to compute the equilibrium constant. However, we might set the standard concentration, e.g. for
oxonium ion, as [H3 O+ ] = 10− 7 M. Then, to calculate the standard Gibbs free energy change
under these conditions, we simply use the formula for the Gibbs energy:
∆r G0 = ∆r G + RT lnQ

(9.106)

where Q will involve all the other activities as 1 (standard), and the activity of the oxonium ion as
c(newstandar)
. We can very well use this new standard ∆r G0 to calculate the equilibrium constant :
c
− RT lnK 0 = ∆r G0

(9.107)

we only have to take care to write right activities into the K’: as the oxoniums standard is redefined, we have to divide by the new standard concentration the oxonium concentration, to get
the activity.
As for the temperature dependence of ∆r G and thus E, E , we can use the Helmholtz relation
to compute it at constant pressure. Similarly, the pressure dependence is function of the volume.
(see previous chapters).
Now the main point, again, to see, is that cell potentials are equivalents of Gibbs free energy
changes. Therefore, in a cycle, between the states, the standard electrode potentials can be used
to calculate the Gibbs free energy change, for example:
A→B→C

(9.108)

if we know the standard cell potential between A and C, and the standard Gibbs free energy
change or standard cell potential between A and B,we can calculate them between B and C
(similarly for non-standards, standards mean that the product and initials are in standard state if not, we simply use the above formula for going from one activity state of the same reactant,
product, to the other, i.e. ∆r G0 = ∆r G + RT lnQ.

9.4.2

Electrode potentials revisited

A half reaction schematically can be written as:
An+ + ne− → B

(9.109)
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its electrode potential is DEFINED as the cell potential measured of the cell where this electrode of interest is the cathode (positive pole) and the standard hydrogen electrode is the anode
(negative pole). Now, if we write up an arbitrary reactions as the difference of two reductions
(reduction of A to C, minus B to D, i.e. from A and D to B and C), from the state-function nature
of energy follows, that we get the same Gibbs energy change if we go directly and if we
1. first: from A, D and H2 go to B, D and H + 2. second: from B, D and H + go to C and H2
because the hydrogens cancel out on both sides of the reaction. From our definition of the half
cell potential follows (as the cells potential are equivalent to the Gibbs energies, and therefore
are summed, we will be justified to simply add them), that the first reaction has E = ε(A → B),
the second E = −ε(C → D), yielding, that an arbitrary cell potential can be written as:
E(A, D → B,C) = ε(A → B) − ε(C → D)

(9.110)

here, similarly, the standard electrode and cell potentials would mean, that the starting materials
and products are in the previously defined standard state. If we SET:
ε (H + → H2 ) = 0

(9.111)

and using the Nernst-equation (which is just rewriting the equation for Gibbs energy change),
and applying the above derived difference rule, we get:
E(cell) = E −

RT
ln(Q) = ε(A → B)
νF

(9.112)

using that all the activities of the hydrogen standard electrode is 1, we get for the electrode
potential of a half-cell, that:
RT
∏ a(red)νi
ln( i
)
(9.113)
ε =ε −
νF
∏ j a(ox)ν j
Now we have to be extremely careful with the wording and reasoning here. Many people forget
to think first, and consider the electrode potentials automatically as free energy changes. Now it
is important to understand, that electrode potentials do not give the free energy changes of the
half-reactions, as they do not account for the free energy of the electron. They can only give the
free energy change of the half-reaction with respect to the SHE reduction free energy change,
i.e. if that change is considered as the 0. Clearly, the SHE reaction 2 H + + 2e− → H2 has a
non-zero Gibbs energy change.
A more formal and more satisfying proof according to me is as follows: take the reactions:
3
H2 + A3+ → 3 H + + A
2

(9.114)

and we know the Gibbs free energy change of this reaction from two sources:
E = εA − 0 ⇒ ∆r G = −εA νF

(9.115)

now, add 3 electrons (moles) to both sides of the equation and write up the Gibbs energy change
as:
∆r G = ∆r G(A) − ∆r G(H) ⇒ ∆r G(A) = −εA νF + ∆r G(H)
(9.116)
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here is to emphasize,that it does not follow from us setting the electrode potential of the SHE
that its Gibbs energy change should be 0. It is not - why would it? What we can say, that the
electrode potentials give the gibbs energy change of the half reaction compared to the SHE half
reaction Gibbs energy change. If we could calculate the exact value of the SHE Gibbs energy
change, we could say it gives the actual Gibbs energy change of the reaction plus that value.
We can actually calculate the Gibbs energy of ions, but not of electron (there is no standard state
for it, which we could use to calculate the formation Gibbs energy, to put it that way) - therefore
we cant calculate the SHE Gibbs energy change.
Consequently, the quantity −νFεA will indeed be a Gibbs energy change, therefore, a state
function, and can be treated as such (e.g. see above how we can calculate ε(AC) from ε(AB)
and ε(BC)), but it will not be the Gibbs free energy change of the half reaction.

9.4.3

Directly influencing electrode potential

To reiterate, the cell potential of a reaction is:
E = ε(kathode) − ε(anode) ε (H + /H2 ) = 0
εi = εi −

(9.117)

RT
∏ a(red)νi
)
ln( i
νF
∏ j a(ox)ν j

(9.118)

The electrode potential might depend on the chemical species present in the solution. We illustrate this with the half-reaction:
MnO−
4

+

2+

+ 8 H → Mn

+ 4 H2 O

RT
ε =ε −
ln(
νF

[Mn2+ ]
1M
)
[H + ] 8

(9.119)

1M

here, ε is defined for the reaction where all reactants and products are with 1 M and the solvent
is nearly pure. Thus, for pH = 0. Clearly, we can redefine it easily for other pHs. Now the
standard electrode potential, when pH = 7 is obtained by:
RT
ε =ε −
ln(
νF

[Mn2+ ]
−7
8
1 M (10 M)
)
[H + ] 8
−7 M)8
(10
1M

RT
1
RT
=ε −
ln( −7 8 ) −
ln(
νF
(10 M)
νF

RT
ε = ε (pH = 7) −
ln(
νF

[Mn2+ ]
1M
)
[H + ] 8
−7
10 M

[Mn2+ ]
1M
)
[H + ] 8
10−7 M

(9.120)

(9.121)

as we expect, if we redefine the standard concentration, the activity will change, we now have to
divide the concentration with the redefined standard concentration. Similarly, we can define it
for pH = 14. It does not matter, that at that pH, the permanganate exists usually as manganate and
that it is reduced to MnO2 instead. The electrode potential of those processes can be calculated
using the state function nature of the Gibbs free energy changes equivalent to the electrode potentials - trick: decompose the half reaction into half-reactions for which we know the ε, or can
compute it to that given pH, other circumstance, calculate the (relative) Gibbs energy changes
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from these and thus the total relative Gibbs energy change and from it the electrode potential.
Usually, the concentration of ions, solutes have little effect on the electrode potential, however
small amount the ion is present in, the deviation from the standard potential will not be - usually - very significant. Therefore, it is a practice, that when it comes to prediction of reaction
directions, and only the one or the other side of the half-reaction is present, we assume that the
other side is present in a small quantity as well, and because this deviation from the standard
- we assume - does not cause big change in the electrode potential, we compare the standard
electrode potentials for the given circumstances (e.g. pH, temperature) to predict, which way
the reaction will or can proceed.
These effects become obvious if we consider the potentiometric titrations. Let us take a general
case, with one constraint:
we titrate the reduced form of the
A(c+) + K1 + n e− → A(c-n +) + K2

(9.122)

redox system with the oxidizing, i.e. ε (A) < ε (B) system’s oxidized form:
B(d+) + J1 + m e− → B(d-m +) + J2

(9.123)

. In each case, we can write up the general equation, but the overall effect is, that while converting into B(c-m +), B(c+) oxidizes A(d-n +) to A(d+). Here, m and n are oxidation states, not
necessarily charges (e.g. CrO2−
4 would be Cr(V I+)). Let us but consider only the cases, where
there is no quantity change of the reduced, oxidized species (can be in the other species reacting
with them, J and K), i.e. 1 A(d-n +) yields 1 A(n+), similarly for B.
Clearly, if we measure the potential of our system, e.g. w.r.t hydrogen electrode (therefore we
can use ε = E, otherwise, we had to add the anodes contribution to E) an and assume that the
conversion is complete and fast, before the equivalence point is reached, the potential is determined by the A system (as all B(c+) added has reacted, whereas we have both forms of A
system), after it by the B system, according to the stochiometry and the Nernst equation.
However, at the equivalence point, neither of the systems are in excess, but they both must have
the same potential. Thus, we write (here, [K] and [J] represent every species involved except for
the reduced oxidized ones, raised to the right power according to their stochiometry - e.g. if B
system is the permangate, J is [H + ]8 ):
E = ε(A) = ε (A) −

RT
[A(d − n+)][K2 ]
ln(
nF
[A(d+)][K1 ]

(9.124)

E = ε(B) = ε (B) −

RT
[B(c − m+)][J2 ]
ln(
mF
[B(c+)][J1 ]

(9.125)

now multiplying both by the oxidation state change, respectively n and m, and then subtracting,
say the cathode from the anode (does not matter which way around), we get that:
Eeq =

[B(c−m+)][J2 ][A(d−n+)][K2 ]
mε (B) − nε (A) − RT
)
F ln(
[B(c+)][J1 ][A(d+)][K1 ]

m−n

(9.126)
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this, noting that due to the stochiometry of the reaction (and our constraint), the concentration of
products (as we are at equivalence point) cancel out - and not trivially - so do the concentration
of starting species. These can be considered as forming from the products, thus must have the
same concentration as well. This yields us, that:
Eeq =

[J2 ][K2 ]
mε (B) − nε (A) − RT
F ln( [J1 ][K1 ] )

m−n

=

mε e f f (B) − nε e f f (A)
m−n

(9.127)

this exression is useful for the determination of the electrode potentials by titrating using a
well-known oxidizing or reducing agent. If we titrate an oxidizing form with a reducing agent
instead, everything stays analogous, the difference is that we start at high potential and end up
being lower in potential on the titration curve.

9.4.4

Indirectly affecting electrode potentials

Generally, however, every reactant and product can participate in other equilibria and thus be
reduced in concentration, activity in a given circumstance.
1. protonation and deprotonation can have an indirect effect. If any form, now say for the sake
of simplicity that A2− of an acid participates in a half reaction, its concentration will depend
on pH as: [A2− ] = αcAH and thus the electrode potential, e.g. for the S + 2e− → S2e− will depend
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indirectly on pH as (the standard is defined for 1 M free sulphide concentration):
ε =ε −

cS
RT
1
RT
cS
RT
ln( 1 M ) = ε −
ln( ) −
ln(
)
νF
αH
νF
αH
νF
1M

(9.128)

RT
cS
ln(
)
(9.129)
νF
1M
this allows us to measure the amount of a hydrolysing species in the solution - we just have
to fix the pH, i.e. the concentration which determines the hydrolyses, and then the electrode
will behave (producing a line if the ln() is plotted) as usual electrodes. This is how most of the
selective electrodes work. For example for cyanide, [CN− ], which hydrolyses, if we fix the pH,
ε = K − Dln(c) and from the electrode potential, we can easily determine c using a calibration
curve (where we have plotted known ln(c) and ε pairs). 2. Complex formation again, can have
two types of effects.Firstly, the in solution, where the complexing agent is present, we find a
new half-reaction, and can calculate its electrode potential. For example, consider the reaction:
= ε (given pH) −

FeX63+ + e → FeX62+

(9.130)

ε(FeX63+ /FeX62+ ) = ε (FeX63+ /FeX62+ ) −

[FeX62+ ]
RT
ln(
)
νF
[FeX63+ ]

(9.131)

we can trace back the standard electrode potential to the electrode potential of the free Fe ion
reduction, by noting, that this process equals to 1. going from FeX63+ to free Fe(II) than 2.from
Fe(III) to Fe(II) 3. and then from Fe(II) to bound FeX62+ . Therefore, we can write, using the
cumulative stability constants, that:
∆r G = −(−RT ln(β (III))) − νFε(Fe3+ /Fe2+ ) − RT ln(β (II)) ⇒

ε (FeX63+ /FeX62+ = ε(Fe3+ /Fe2+ ) −

β (II)
RT
ln(
νF
β (III)

(9.132)

(9.133)

If the complex is strong, we can approximate the complexes concentration with the total metals
concentration, i.e. cFe(II) ≈ FeX62+ ]. If, however, it is not the case, we can calculate αL and then,
from it and cM , we can give the concentration of the complex,and thus the electrode potential.
Second, it might well be, that in our equation, not the complexed form is present but the free:
then complexation has a very similar effect to protonation. As we can replace [M] with cαML in
the electrode potentials expression, we can define the standard electrode potential for various
concentrations of the complexing ligand. Take again the iron, but now the reaction:
Fe3+ + e− → Fe2+

(9.134)

in the presence of a complex forming agent forming complex now only with Fe(II) (we can insert
the similar term if it forms complex with the other as well). Then
ε =ε −

cFe(II)
cFe(II)
RT
RT
1
RT
ln(
)=ε −
ln( ) −
ln(
)
νF
αL [Fe(III)]
νF
αL
νF
[Fe(III)]

(9.135)
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cFe(II)
RT
ln(
)
(9.136)
νF
[Fe(III)]
note, that here the standard potential will thus be dependent on the ligands concentration. Also,
that we have omitted the divisions by the standards, because they cancel out either way.
3. lastly, there are the so-called secondary electrodes, whose potential is determined solely by
an other ions quantity, not the one that gets the electron. This can happen, because of the solid
salt that is taking up the electrons. In these cases, the solubility equilibrium existing on the
surface of the electrode, which can help us determine the standard electrode potential of such
electrodes. To see an example, let us consider the calomel electrode (the Ag/AgCl electrode is
an other commonly used secondary electrode), i.e. one with the electrode reaction:
= ε (given [L]) −

Hg2Cl2 (s) + 2e− → 2Hg(l) + 2Cl −

(9.137)

clearly, the electrode potential is:
RT
ln([Cl − ]2 )
(9.138)
νF
it is seen, that it depends only on the concentration of chlorine in the solution surrounding the
electrode (usually KCl is used) - and therefore, the electrode potential can be kept fixed if we
fix the chloride concentration, as long as there is salt present. This feature is harnessed when
we have to measure (remember, we can measure only cell potential) the potential of an arbitrary
electrode. Most of the time, instead of using the circumstantial hydrogen electrode, we use the
secondary electrodes, the calomel or the Ag, fix the concentration of the chlorine, and thus their
electrode potential at some value, and thus we can determine the other electrode potential using
that E(measured) = ε(secondary) - ε(other).
Now, similarly to the complexation case, we can give the standard electrode potential of this
reaction by constructing a cycle involving the dissolution and the reduction steps, for which we
know the Gibbs energy changes. 1. we dissolve the salt to get Hg2+
2 and chloride, then 2. we
reduce Hg2+
to
2
Hg.
Thus:
2
ε(HgCl2 /Hg) = ε (HgCl2 /Hg) −

∆r G = −RT ln(L) − ε(Hg2+
2 /Hg)νF ⇒

(9.139)

RT
ln(L)
(9.140)
νF
Of course, it should never be forgotten, that the Gibbs energy of half reactions changes are all
Gibbs energy changes with respect to the SHE Gibbs energy change. Nonetheless, we have seen,
that if we write up a reaction, we can express its electrode potential, that might depend on the
conditions. By construction of cycles, we could even give expressions for the standard potentials
of electrode reactions involving complex formation or dissolution of salts.
ε (HgCl2 /Hg) = ε (Hg2+
2 /Hg) −

9.5

UV-VIS spectroscopy

All spectroscopic methods utilize the interaction of electromagnetic waves with matter, atoms,
to gain information about them. Spectroscopy has many areas, depending on the wavelength of
waves and the setup used. Here, we overview the general principle behind all methods and then
focus on the UV-VIS spectroscopy, which because of its ease, is widely used.
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Fermi-Dirac distribution

It has been suggested, that the Boltzmann-distribution can not be applied for elementary particle
(of the fermionic type), i.e. particles which obey the Pauli-exclusion principle. Now we discuss
this case. We already know, that if we have statistical amount from a particles, i.e. at least around
10-100, the Boltzmann-distribution predicts that in the most probable distribution of N particles
on n states with ε energies, the probability of observing the particle in a given state depends on
its energy:
ε
ni
∝ e kT
(9.141)
N
This distribution assumes, that the a microstate can be occupied by any number of particles, but
not more than the total particle number.
Also, we know that QM mechanics suggests that in a given potential, only certain states can
be occupied by the particles. Each of these states is the linear combination of the so-called
eigenstates which are solutions of the TISE. If we make a measurement, we can measure the
eigenstate energies with a probability determined by the state of the system. Unless we know the
exact state, however, we can assume that all of them are equally probable, and thus use statistics
to compute the distribution of particles in the states. However, for electrons in a potential, in a
molecule, solid, although the available energy levels exist, as predicted by the TISE solutions - in
an atom, characterized by 3 numbers - (which is not straightforward), they can only be occupied
by 1 electron - thus, in an atom, described by 4 numbers - at a time (fermions). Therefore, the
Boltzmann-distribution has to be modified.
Again, we have N particles, and states with energy levels. The degeneracy of the the i-th energy
level, i.e. the number of states having that energy, is gi . We can divide ni indistinguishable
particles into the gi states (i.e. we can choose from gi ni states) in:
 
gi !
gi
w=
=
(9.142)
ni
ni !(gi − ni )!
ways (variations). If we have i levels, each with gi degeneracy and ni particles occupying each
such sublevel, the total number of ways how that state described by the set of number n1 , ...ni
(and the degeneracy by gi )can be realized is:
W = ∑ w(ni , gi ) ⇒ max(lnW ) ⇒ ni =
i

gi
1 + eαi +βi εi

(9.143)

. Using thermodynamics (the similar logic we applied in the Boltzmann-case), we get that:
α=

µ
kT

β=

1
ni
1
⇒ ni = =
kT
gi 1 + e εikT−µ

(9.144)

, where, from before, we know µ = ( ∂∂ nEi ). Now, the this is a good thing, because we can
determine the chemical potential with thermodynamic methods. Also, this tells us, that the
temperature will determine the distribution of electrons on the available states. We can see,
that at high temperatures, all states will be occupied on average by 0.5 particle. However, at
lower temperatures, the lower energy states will be favoured. The sigmoid function nature of
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the average occupation tells us, that the low energy states will be favoured very much over the
higher energy ones, the border being (where the function shifts) the so-called Fermi-energy:
εF = µ. This is the rationale behind the Hunds-rule and the energy-minimum principle - telling
us that at T=0, all the states below the Fermi-energy will be filled, but none above. As the T
is increase, some states above the Fermi-energy will be filled, but the probability of a particle
having those energies is very low, but increases considerably with temperature. Thus at high T,
and at T approaching infinity, the small energy states will be less and less favoured, with infinity
T, all being occupied by the same probability.
The importance of this is, that upon interaction with electromagnetic waves, the particles can be
promoted from the occupied level to the unoccupied ones by absorption of the given energy.
Thus, we can now accept, that there are the underlying QM tells us that there are multiple
energy levels available for a molecule. Its electrons can be placed on different energy levels, but
vibrations, rotations will have their own available energy levels as well.

9.5.2

The electromagnetic spectrum

We have seen previously, that the inherent property of electromagnetic waves is:
E =h

c
λ

with

1
c= √
ε0 µ0

(9.145)

i.e. they propagate in quanta with the above energy (see QED for more). Their energies, and
thus the energy level transitions they can fuel, depend on their wavelengths.
At smallest wavelengths, λ / 10− 10m, the γ rays can excite nucleons, promote nuclear transitions (γ lasers???).
At slightly higher in energy, with λ / 10− 8m, are the X-rays, which can promote core level electron transitions and ionizations. Thus, they are used in X-ray absorptions (XAS) spectroscopy,
to examine energy of core electrons and thus the state of the atom, molecule (e.g. can be used to
detect O2−
2 ions in the anionic redox mechanism of novel batteries.
UV radiation with s with λ / 10− 8m are used to examine valence electron properties, strength
of bonding, ionization.
The lower energy end of the UV region and the visible light region (λ / 10− 8m usually considered V IS = 400 − 800nm means photons of the aJ region. Valence electron transition energies
usually fall into this region, which is the reason for the applicability of UV-VIS spectroscopy.
In this spectroscopy, the sample (usually in solution) is scanned with a known intensity, wavelength light and its absorbance (the amount of light intensity absorbed) at each wavelength is
recorded. If we experience a high absorption at a certain wavelength, we attribute it to an (electronic) transition in our compound. These are characteristic for each compound, therefore can
be used to recognise the presence of a certain species. Also, the amount of light absorbed at a
given wavelength is found to be proportional (see Lambert-Beer law) to the amount of sample
present - therefore, UV-VIS spectroscopy is widely used for quantitative measurements as well.
Above λ / 10− 6m, in the so-called region, as we have seen, different normal modes of vibrations fall accompanied by the bond stretches and bends. This is utilized in the IR and Raman
spectroscopies to get structural information.
The IR regions is followed in wavelength by the microwave region, considered usually till
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λ / 10− 2m (radars, microwaves - because it can excite the vibrational modes, thus confer heat
to the sample and increase its temperature). More in our interest is the next region, in the metres
region - the radio waves. They are actively used, as they can excite the nuclear spins and therefore are essential for NMR spectroscopy.
Thus, Xray adsorption, diffraction, UV-VIS, IR, NMR etc all make use of the interaction of
photons with matter. Here, we discuss, how UV-VIS can be used. On a sidenote, it is worth
mentioning, that the absorbed photon do sometimes induce reactions - as we have dealt with in
the photochemistry chapter. Otherwise, the excited state after a time returns to the ground state
by emitting a photon. Fluorescence, phosphorescence are all the manifestation of these, just the
starting and final states differ (see photochemistry section).

9.5.3

Lambert-Beer law

Spectroscopic measurements are made by illuminating a sample with light of λ wavelength, and
E
intensity I = ∆tA
, and observing the transmitted intensity It or the absorbed intensity Ia = I − It .
Being able to measure them (the different detectors are not detailed here), we can define the
following quantities:
transmittance in percents T % =

It
? 100%
I

Ia
? 100% = 100 − T %
I
It
transmittance T = lg( )
I
Ia
absorbance A = lg( )
I
⇒ A+T = 1

absorbance in percents A% =

(9.146)
(9.147)
(9.148)
(9.149)
(9.150)

Now, experiments suggests, that for dilute solutions, the following relation between the absorbance of a species and its concentration holds:
Ai = εi ? ci ? l

(9.151)

This is the Lambert-Beer law, featuring the molar extinction coefficient, ε, characterizing each
solutes absorbing capacity at a given wavelength, and the light path length, l, which we usually
give in cm-s. It is important to emphasize that this holds only for dilute solutions (interaction
between molecules might alter the resulting bonded species absorbance) and 0-2 A range (at
higher and lower range, the error will be large from small fluctuations).
From the assumption, that the light absorption of dilute enough solutes is independent from
n%
1%
2%
each other, follows, that A% = A100
? A100
... A100
and thus the absorbance at a given wavelength,
a logarithm, is an additive quantity:
Aλ = ∑ Aλi = l ∑ εiλ ci
i

(9.152)

i

Knowing the Lambert-Beer formula for the absorbance and its additive property, the composition
of systems can easily be analized. We know see some examples how it can be used.
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Kinetic measurements

In kinetics, UV-VIS can be an easy to use tool for simple systems. It gives us a way to follow
the concentration of a species throughout the reaction by measuring the solutions absorbance:
ci =

Ai
εi l

(9.153)

From this follows, that from the total absorbance measured, A, if we subtract the infinity absorbance, i.e. the absorbance measured when there is no other change in the composition, and
we assume that the products don’t absorb significantly, we can:
Ai = A − A∞ ⇒ plot

f (A − A∞ )

(9.154)

and decipher the order of the reactions by linearisation. It is worthwhile reminding ourselves,
that for the first order reaction, the slope of the right graph (lnA-t) will give us the rate constant as
well. For other orders, we have first to compute the concentration from the absorbance and plot
that, as the formula for the slope follows from theory only for the concentration (alternatively,
we plot absorbance and then account for the absorption coefficient and the path length), e.g.:
1
1
1
1
=
+ 2kt ⇒
=
+ 2εB lkt
[B] [B]0
[A − A∞ ] [A0 − A∞ ]
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(9.155)

Absorbance of systems in equilibrium

It usually is the case, that if two species are in chemical equilibrium with each other, their mole
extinction coefficients differ. This, and measurement with varying the concentrations and the
wavelengths, can be used as a quantitative analytical method, to determine the amount of each
species present and thus the constant characterizing their equilibrium. Here, we look at an acidbase and a complexometric method, but in both case, the additivity of absorbance and the L-B
law is used.
Let us assume that the equilibrium holds: HA A− + H + and that only the acids absorb, with
εA and εHA (total concentration c) which are wavelength dependent. The ratio of the two species,
in turn, is pH dependent. Now let us plot the absorbances of a solution at a given pH with the
wavelength.
1. if the solution is sufficiently acidic, the absorption from the protonated form is negligible, we
get the curve for the acidic species , A = clεHA
2. if the solution is sufficiently basic, the absorption from the deprotonated form is negligible,
we get the absorption curve for the basic species A = clεA .
3. if there is a wavelength at which the coefficients εA = εHA , the two curves will meet there, as
in both case A = clε.
4. the curve of an intermediate pH will have the absorbance:
A = AHA + AA = εA [A]l + εHA [HA]l

(9.156)

and therefore meet the other two curves at the isobestic point as well and in the other regions,
run between the two high-low pH curves, according to:
A = (ε1 − ε2 )xcl + ε2 cl

(9.157)
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. If, at a given wavelenght, we measure the absorbance at these three pH-s, AHA , AA , Ai , for the
acidic, basic and the intermediate pH, respectively, we can tell the K, if the total concentration
and the pH is known. To see this, we write:
AHA
(9.158)
c
AA
(9.159)
AA = εHA cl ⇒ εA l =
c
AHA
AA AHA
AA
= [A]( −
) + A2
(9.160)
Ai = [A] + [HA]
c
c
c
c
using the composition balance c = [A] + [HA]. From this, we first express [A], then [HA] in terms
of the known quantities, then substitute them into the equilibrium constant:
AHA = εHA cl ⇒ εHA l =

[A] =

Ai − AHA
( AcA − AHA
c )

(9.161)

and using composition balance and common denominator:
AA − Ai
− AHA
c )

(9.162)

Ai − AHA
[A]
= [H + ]
[HA]
AA − Ai

(9.163)

[HA] =

( AcA

thus the equilibrium constant can be written:
K = [H + ]

This expression can be used to give K. We can give with this K, even without detailed calculation,
just by looking at the graph of the 3 absorbance lines (although it is enough to have data for
1 wavelength - but we should not forget, that a wavelength is needed, at which all the three
absorbances fall into the good, i.e. 0-2 region).
In the weak, but concentrated acid approximation [H + ] = [A], which yields:
K=

(Ai − AHA )2
(Ai − AHA )2 )
⇒D=
(AA − Ai )(AA − AHA
AA − Ai

(9.164)

where D is a constant for given total concentration and K. Evaluating D for an intermediate
absorbance, which can be expressed as a function of AA , or AHA , e.g. Ai = 0 gives a value for D
from which follows that:
A1 (Ai − A2 ) = A2 (A1 − A2 )
(9.165)
where A1 is the higher lying extreme pH absorbance at that wavelenght, A2 is the lower lying.
This expression effectively tells us, that at pH-s, at which this approximation holds, the with
inverse weighted distances from the lower absorbancy, are equal:
∆(A1 − A2 )

1
1
= ∆(Ai − A2 )
A2
A1

(9.166)

. This allows sketching of the absorbance curve for a given concentrated enough acid where
only it sets the pH, based on its two extreme end curves, i.e. curves of its two forms. This is, in
turn, can be used e.g. in case of indicators.
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Absorbance to determine complexion’s stochiometry

Absorbance (and in fact, other measurements which yield quantities proportional to a given
species’ concentration, e.g. conductivity) measurements are perfectly suited to determine stochiometry of some, appropriately behaving (absorbancy in right range, solution - in this case can be made, stable enough etc.) complexes.
There are two methods easy to carry out. In Job’s method, or in the method of continuous variation, we start with identical concentration solutions of the metal and its ligand and mix them in
various volume ratios, to always give the same total volume (same initial concentrations imply
same final total concentrations, thus always the same moles in total - e.g. in total 5 moles can
come from 1 mole metal and 4 mole ligand, 2 mole metal 3 mole ligand etc).
We then plot the absorbance as the function of the volume fraction of the metal (or ligand - they
are easy to inter convert, as must sum up to 1):
A(

Vm
)
Vm +VL

(9.167)

. Now, if the complex absorbs more than the ligands together, i.e. complex formation results
in increase in absorbance (εc > εm + εL ? n for MLn ), a maximum will be seen at the volume
fraction which corresponds to the combining ratio (n) of the metal and ligand in the complex -
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which is:
A(

1
Vm
)max = A(
)
Vm +VL
1+n

(9.168)

. As the complexation is an equilibrium, we will not see a sharp peak but a hump, thus we
need to extrapolate the 2 adjacent lines, and their intersection will give the volume fraction
corresponding to the complex formation.
In the second, the molar-ratio, a.k.a. Jones-method, we prepare a series of solutions in which we
keep the concentration of one species constant and vary the other. We then measure and plot the
absorbance as the function of the molar ratio.
If the complexes are stable enough, initially, upon addition, increase of concentration of one
species, while the other is in excess, they will form a complex and thus the absorbance change is
the absorbance change caused by the complex formation per mole complex formed (εc l − nlεn −
nlεm ).
However, as their stochiometric ratio is reached, upon continued addition, no new complex will
be formed and thus any change in absorbance is due to the dilution of the complex and the
addition of the species. This manifests in a kink on the curve. Again, this will not be a sharp
kink do to the equilibrium - but if we extrapolate the two adjacent constant slope lines (before:
slope is of complex formation, after of complex dilution and species addition), their intersection
will give the stochiometry of the complex (n, in MLn , the molar ratio).

9.5.7

Calibration and zeroing

As far as the practical implementation is concerned, there are two types of spectrophotometers.
In one type, the light is guided through the sample and then to the detector. In this case, we
should not forget that apart from our species in interest, the cuvette and the solution might have
absorption as well, which we have to subtract from the measured absorbance values. In order
to do that, in the process of zeroing, we measure the absorbance of a solution containing all the
solutes but the one in interest and either store this value and later subtract from all the measured
absorbances, or adjust the spectrophotometer so that it automatically subtracts it (’tare’) from
the measured absorbances.
In the other type, the light after monochromatized but before reaching the sample is passed
through a splitting disc, that splits the lightbeam into two. One is lead through the sample, one
through a solution containing all the solutes and solvents but the one in interest. Then, the same
detector detects the light intensity coming from both solution and calculates the difference in the
two intensities, which is displayed. This allows for continuous zeroing.
In either case, if the absorbance is properly measured and obeys Lambert-Beer law, its extrapolation should pass through the origin. The lack of zeroing either shifts it up or down along the y
axis (mostly up, as other solutes absorb as well). (note, that zeroing is different from what we
have done for kinetic measurements, if a kinetic measurement is to be made, both corrections
have to be implemented)
Apart from zeroing, before measuring the absorbance of an unknown concentration species,
sample, most of the time instead of looking up the extinction coefficients for all the compounds
present (which sometimes clearly is impossible, e.g. biological systems - we don’t even know
what is in there), a calibration curve is prepared.
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To construct a usual calibration curve, we take at least 3 solutions of known sample concentration and measure their absorbance as the function of concentration and plot it. If we have large
enough number of points, we can even fit a curve on the data. But the point is, that if such a
calibration curve is once prepared for a system (important - this works for a given system, i.e.
for a given complex of circumstances, e.g. solute concentration, temperature etc.) using known
concentrations, whenever we measure the absorbance of an unknown concentration sample, by
allocating the measured absorbance on the calibration curve, we can read down (or calculate if
we have an equation - which for LB law is just a line equation - for the curve) the concentration
corresponding to the measured absorbance.
Lastly, however, it is not always possible to find or make solutions of known concentrations
and every other condition matching that of the system in interest, however hard they would be
needed to create a calibration curve. (again, see biological systems, e.g. chloroplasts or milk
etc.). In these cases, the method of standard addition can be employed. This means, that we take
a fraction of the sample that we have and add the solute whose concentration we are interested
in, but which is already present in unknown concentration in the solution in a known amount.
From this, we calculate the concentration increase:
(n0 ,V ⇒ c0 )

→

add n1

→

(n0 + n1 ,V ⇒ c0 +

n1
= c0 + ∆c)
V

(9.169)

Also, we measure the absorbance both the initial and the complemented solution. From this, the
slope of the absorbent curve can be calculated, and thus the extinction coefficient of the solute
under the given conditions can be determined, (( ∆A
∆c ) = lε, see L-B. law) allowing to determine
the concentration of the original stock solution from which we have used only a fraction to carry
out standard addition. Standard addition can be carried on for arbitrarily long, so to describe the
curve better and better in a given region. (we will have increasing number of slopes determined,
which enables to fit a higher than first order polynomial (the graph of the first order polynomial,
i.e. a polynomial where the highest degree is 1, is a line, than parabola for 2 etc.) The main
strength of standard addition is that we can use the original solution, don’t have to prepare
calibration series. On the other hand, it strongly relies on extrapolation (e.g. below the c0 or
much above, where no addition is made) - which is not always justified.
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Chapter 10

Solid state chemistry
Solid state chemistry - dealing, as the name suggests, with the solid phases of matter, is an even
nowadays very active area for research. Here, we can no longer use the gas models to predict
properties. Usually therefore, we either have to rely on experimental observations, e.g. for lattice types, their enthalpies etc. or on theoretical calculations attempting to approximate the SE
to form a picture. The former method is elaborate and slow (although utilizes numerous interesting characterization techniques, like X-ray diffraction, X-ray absorbent, scanning electron
microscopy) - the latter simply does not work yet (or only if we have unlimited access to supercomputing facilities). Even so, we can claim to have a basic understanding of the solid state,
which for example is crucial for material science and engineering: the design superconductors,
batteries, fusion reactor materials all utilize the properties of the solids. Now in the following
chapter, we revise these basic properties of the solid state materials.

10.1

Describing solid state

10.1.1

Solid state picture

Solid state is one of the four fundamental states of matter - similarly to the gas, plasma and
fluid phases. Remember, a phase transition occurs whenever the chemical potential, µ(p, T, n)
of a state decreases below the current states chemical potential (and kinetics does not hinder it).
Therefore, multiple solid phases of matter might exits - check out the phase diagrams chapter
for the description of phase transitions.
In solid phase, the particles are closely packed compared to liquids and gases: usually 10−10 m
distance apart. The atoms are tightly bound to each other thus, nearly in each case from all sides
(exceptions are holes and surfaces, being both of crucial importance), and thus the structure usually has a constant volume and shape, that does not change if small pressure is applied (different,
large forces might change it).
A solid can either be crystalline: when its atoms, particles are situated so that a geometrical, periodic lattice can be assigned to them, amorphous, when the constituent atoms are in an irregular
arrangement, or quasicrystalline, when the atoms are positioned in an ordered, but non-periodic
manner.
181

182

10.1.2

CHAPTER 10. SOLID STATE CHEMISTRY

Lattice systems and unit cells

Crystalline solids thus can be characterized by their lattices. Crystal lattices in fact are composed
of particles placed at lattice points (these constitute the Bravais lattice, which is a mathematical
object made up of points). A unit cell is defined as the smallest group of particles in the material
that constitutes the repeating pattern which completely define the structure and symmetry of the
structure, as the whole structure can be build up from translating it along the so-called main
axes.
The unit cells are parallelepiped and thus are characterised by 6 numbers: 3 side lengths, a, b, c
and 3 angles between these edges, α, β , γ. We can give the position of each atom inside the unit
cell using the fractional coordinate method: according to this, one lattice point is choosen as
origin, and the 3 fractional coordinates, (k1 , k2 , k3 ) describe how much we we translated from
the origin on the vectors (a, b, c), as described here, to reach the given point. These basis vectors
for a parallelepiped are defined such that if we originate the 3 edges from the origin, the a edge
points along the x axis, the b lies in the x-y plane, and the c above. The a-b angle is γ, the b-c is
α, the a-c is β . Then:
a = (0, 0, a) b = (bcos(γ), bsin(γ), 0)
(10.1)
c = (ccos(β ),

c

cos(α) − cos(β )cos(γ)
,
sin(γ)

(10.2)

p
abc 1 − cos( α) − cos2 (β ) − cos2 (γ) + 2cos(γ)cos(β )cos(α)
(10.3)
absin(γ)
These vectors are easy to treat in the simple unit cells, as we will shortly see. The three number
giving a position describe the coefficient of the given vector in the linear composition expression
for the position vector in interest.
The unit cells thus can be group according to the arrangement of the edges, i.e. their length and
angle. Thus, we obtain 7 possible so-called lattice systems.
In the triclinic system, all the angles and edge lengths are different.
In the monoclinic system, the edges still are all different, but we have two angles are the same,
i.e. α = γ = 90◦ 6= β In the orthorhombic system, still non of the edges are of equal length, but
all angles are right.
In the tetragonal system, one pair of edges is of equal length, i.e a = b 6= c and all angles are
right.
In the rhombohedral system, all edges are equal and all angles are equal, but α 6= 90◦ .
In the hexagonal system, a = b (can equal c as well) and α = β = 90◦ , and γ = 120◦ .
Lastly, in the cubic system, all edges are equal and all sides are right.
Now, using the previously introduced lattice vectors, i.e. vectors pointing along the edges of the
unit cells, we can easily give the volume of these unit cells as (because they are parallelepipeds):
V = a · (b × c)

(10.4)

This form is general, and can be used for all the lattices, once we have the angles and the edges,
with which we can express the lattice vectors. However, for simpler lattices, it is faster to use

10.2. CRYSTAL LATTICES

183

basic geometrical formula. For example, take the cubic system. There, a = b = c, γ = α = β =
90◦ , thus the lattice vectors using the formulas above:
a = (0, 0, a) b = (0, a, 0) c = (0, 0, a)

(10.5)

V = (a, 0, 0) · (a2 , 0, 0) = a3 + 0 + 0 = a3

(10.6)

and the volume:
just as we have expected. Now there are multiple ways how we can place the particles inside
each unit cell type, by which we obtain the crystal lattice and which describe the crystal. In the
next section, we review how the particles of solids, e.g. metals or ionic compounds populate
their unit cell and what consequence does it have.

10.2

Crystal lattices

10.2.1

Bravais lattices

Now we can rationalize the naturally occurring lattices by placing particles inside the unit cells
at different positions and thus building up different repeating subunits, i.e. different crystals.
Each unit cell has properties of interest: the cell dimensions (angles, edges), the nature and the
number of particles present in the cell (always consider what fraction of the particle placed along
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the edges is actually inside the unit cell - and count only that fraction, because the other fractions
are parts of the neighbouring unit cells), and the position of these particles. From these, we can
calculate the packing efficiency (the volume fraction of particles inside the cell with respect to
the total volume), the density (total mass per volume) and the size of cavities.
In the primitive lattices, particles are placed only on the vertices of the unit cells. This means,
that each primitive unit cell parallelepiped contains only 1 particle overall. Their positions are
thus given by fractional coordinates as (0,0,0), (1,0,0), (1,1,0), (1,1,1), (0,1,1), (0,0,1), (1,0,1),
(0,1,0) - position along the edge vectors.
In the base centred lattices, apart from each vertex, 1 particle is place in the middle of the bottom, one in the middle of the top (base) layers. Their coordinates are thus (0.5, 0.5, 0), (0.5, 0.5,
1). This type of cell thus has 2 particles inside.
In the body centred lattices, 1 extra particle instead of on the bases, is placed into the center of
the cell, i.e. at the position (0.5, 0.5, 0.5). This cell has thus 2 particles inside overall.
Lastly, in the face-centred lattices, extra particles are placed in the middle of all of the faces,
which can be described by (0, 0.5, 0.5), (0.5, 0.5, 0), (0.5, 0, 0.5), (1, 0.5, 0.5), (0.5, 1, 0.5), (0.5,
0.5, 1) positions. This means, that a face-centred cell has 1 + 3 = 4 particles inside.
It is interesting, that not every lattice systems have all four lattice types. In fact, we have only
14 Bravais lattice types: 7 primitive (from all the systems), base centred monoclinic and orthorhombic, body-centred orthogonal, tetragonal and cubic, and face centred orthorhombic and
cubic.
The density and packing efficiency are calculated as:
ρ=

∑i Ni ? mi
V

η=

4 3
∑i NiVi ∑i Ni 3 ri π
=
V
V

(10.7)

However, the packing of particles determine the dimension of the unit cell, and thus its volume.
We can use our knowledge from thermodynamics, to say, that particles will be packed to minimize the free energy - and thus to maximize the bonding energy. We will consider bonding in
solids later, but for the present purpose, we can use a hard-sphere picture to rationalize packing
in the typical lattices and thus describe their crystals. Before proceeding first to metals, the concept of coordination number is introduced. Coordination number is the number of the closest
lying neighbours to a give particle in the lattice. Thus, for example in the body-centred cubic
lattices, we have 8 closest lying neighbours, the atoms on the vertices, thus the coordination
number is eight. In primitive cubic N = 6 (the sides), in face-centred cubic N = 12 (edge centres).
The dimensions of a lattice are usually determined by diffraction studies. It is based on the fact,
that depending on the phase (path) difference between two interfering waves, they might interfere, i.e. meet in phase or out of phase in the former case decreasing, in the latter increasing the
amplitude. Bragg’s law tells the angles at which the maximum constructive interference occurs
if only 1 layer is considered in 1 D.
nλ = 2dsin(θ )

(10.8)

where n is an arbitrary integer, λ is the wavelength. Thus, observing the angles at which this
maximum constructive interference occurs, the lattice parameter, i.e. separation of lattice points,
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can be deciphered. This phase dependent interference is the basis of diffraction studies for more
complex systems as well.

10.2.2

Metals

Metals usually are modelled as spheres of radius r, also called the metallic radius. This is determined using diffraction techniques from their lattices, as shown in a second. We assume, that
the more efficient these spheres are packed together, the stronger they can interact and the lower
their energy is therefore. As we will see, most of the metals follow this principle, but in some
cases, not the most-efficiently (”close-packed”, cp) structure is stable at room temperature.
Close packing is reached simply by placing spheres next to each other in a row and then above
in in a next row so that the next rows particles are placed always between two atom of the last
row. This way, a 2D closed packed lattice can be built up. Now in 3D, a second closed packed
layer can be placed directly above the first, with its atoms placed in in the cavities formed by the
bottom layer (layer A and layer B). However, only every second cavity will thus have a new atom
above it. This implies, that the third layer can be placed in two different ways: either placing the
particles above the non-covered cavities of the layer A, thus creating a third different layer, C,
or by placing the third layer atoms exactly above the first layer atoms, i.e. creating an identical
A layer. Then in the fourth layer, again, after ABC, we can choose to put the layer above the B
or above its uncovered cavities. This way, two lattices, the ABABAB... and ABCABC... close
packed lattices can be rationalised.
Now if these ABABAB.. and ABCABCABC.. lattices are inspected, it is easy to see that the
former has the hexagonal primitive unit cell, and therefore this packing is called hexagonal close
packing, hcp. The latter can be found to have the face centred cubic unit cell and is therefore
called the cubic close packing, ccp.
Now, although formally not proven here, intuitively we can say that they have the highest packing efficiency. Additionally must have the same packing efficiency, as they only in the relative
position of two layers. To calculate η (if we calculate it for the unit cell, it will be the same for
the whole lattice as the lattice is just the unit cell multiplied and translated) we always first have
to find out what sets the size of the unit cell, i. e how does a, b, c depend on r: it is the metallic
radius of the metal on the edge or diagonal, where if that size of the unit cell is decreased, first
the metal atoms touch. In fact, the radius is computed from the measured unit cell dimensions
at first and that radius can be used to predict the size of unit cells of the same metal.
Therefore, in the cubic close packed case: the size-determining edge/diagonal is the face diagonal. When close packing, it contains 4 radii (2 from the central atom, 1-1 from the edges), thus
if the metallic radius is r:
√
4
4r = 2a ⇒ a = √ r
(10.9)
2
thus, the packing efficiency and the density of a ccp cell:
η=

4 ? 34 r3 π
( √42 r)3

= 0.74 ρ =

4?m
( √42 r)3

(10.10)

From this follows, that the packing efficiency of the hcp structure also is 0.74, which we accept,
without proof, that is the highest we can get. In fact, most of the metals seem to benefit from
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high packing efficiency, as most of the crystallize either in hcp or ccp lattice even at room
temperature. For example Be, Mg, all the noble gasses, Tc, Ru, Os, Group 3B, 4B, 2B (except
mercury), Co all adopt hcp, whereas Ca, Sr, group 1B, Al, Pb, Pt group metals adopt ccp. In
both cases, the coordination number is 12.
However, experiments suggests that packing efficiency is not the unique factor affecting crystal
stability, as there exist non-close packed stable metal lattices. Most common is the body-centred
cubic, which has coordination number of 8. Here, the size-limiting edge/diagonal is the body
diagonal containing again 4 radii, thus:
4r =

√
4
3a ⇒ a = √ r
3

(10.11)

thus, the packing efficiency and the density is easily obtained:
η=

2 ? 43 r3 π
( √43 r)3

= 0.68 ρ =

2?m
( √43 r)3

(10.12)

as we can see, here the packing efficiency is lower. Despite this fact, this structure is found stable
at room temperature for all the alkali metals, for Ba, V, Cr, Mo, Nb, Ta, W. Lastly, the primitive
cubic lattice is found only in the case of polonium to be stable - we can use the above means to
calculate its density and packing efficiency - we get that the packing efficiency is even lower.
As however, we know, that the stability can be given by: G = H - TS, we also anticipate the
temperature dependence of stable phases. Once the µ, i.e. for pure metals Gm of one phases
decreases below the currently stable phase µ because of temperature increase, we might see a
phase transition. At the transition, however, the two potentials are equal, and thus ∆r G = 0. If
we thus obtain values for ∆r H and ∆r S (which we can), we can calculate the theoretical phase
transition temperature as:
∆trs G = ∆trs H − Ttrs ∆trs S = 0 ⇒ Ttrs =

∆trs H
∆trs S

(10.13)

In accordance with this, for example, Fe at high temperatures from body-centred cubic transforms into a cubic-close packed structure. This is of practical importance as well, as in bcc it
is hard to work with, as the center particles prevents the layers from smoothly shifting on each
other. In the ccp fcc lattice however, they can slide, and the smith can prepare the equipments
(in fact, at even higher temperature, a new bcc becomes stable). Also, tin at higher than 13.2◦ C
exists stably in body centred tetragonal lattice, called the white thin. At lower than that temperature, however, a diamond-lattice structure becomes stable (fcc where half of the tetragonal sites
are occupied, more on this later), the grey thin, so it transforms into this structure. However, we
have seen that not just the packing efficiency, but the density is lattice dependent as well, thus
phase transition results in volume change - this is why the tin upon going from white to grey,
undergoes a volume increase and disintegrates (tin pest).
An easy way to calculate the volume change in a given sample upon transition is using the fact
that the number of atoms remains the same: thus, we compute the volume per atom in the starting and the final state, take the difference and multiply it by the number of atoms we have (which
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we obtain from the initial volume and density). This is a bit lengthy, although trivial. I would
suggest therefore using instead the fact, that the volume of the atoms remains constant as well
(this is not obvious, but we assume that the radius does not change upon transition):
V f −Vi = ∆V =

1
1
Vatoms Vatoms
−
= ηinitial Vinitial (
−
)
η f inal ηinitial
η f inal ηinitial

(10.14)

From this, we see the obvious - if the packing efficiency increases, the volume decreases and
vice versa. Now the nice thing is that this sphere model can explain not just structure built up
from same atoms - but from different ones as well, with different sizes. The means of this are
discussed now.

10.2.3

Cavities

As we have seen, even in the most closely packed lattices, the packing efficiency is only 0.74,
meaning that there is lot of free place in the lattices. Consequently, other atoms can be trapped
in the so-called holes or cavities inside a lattice, whose presence depends on the lattice type. For
example, in contrast to substitutional alloys (alloy - mixture of two or more metals, substitutional
- the added metal replaces the host at their lattice points, usually if they are of similar size, e.g.
in bronze and brass, Cu is replaced by Sn and Zn, respectively in the fcp lattice), in interstitial
alloys the original lattice is retained with the original metals, but the guest metal occupies some
of the available holes (e.g. steel, where C occupies holes of the Fe lattice - stainless steel is mix,
because some of e Fe are replaced by Cr and Ni). Although every lattice has its cavities, the
arrangement of the atoms surrounding cavities or holes is usually either tetrahedral, octahedral
or simple cubic. These three are discussed here. The important point to see, that a particle can
be stabilized in a cavity if it has size equal or larger than the cavity. If it is smaller, it does not
interact properly, is not stabilized by the surrounding atoms. We can thus always calculate a
minimum particle size as the function of the radii of the host particles. It also has to be kept
in mind, that if a larger than the minimum particle occupies a cavity, the diagonal/edge, along
which it is positioned, will determine the size of the unit cell, not the edge/diagonal that has
determined for the pure lattice. This is very important.
Now cubic holes, i.e. surrounded by 8 atoms (coordination number of the guest is 8) at the
vertices of a cube, are for example found in primitive cubic lattice, at the (0.5, 0.5, 0.5) position.
The minimum guest-host size ratio can be easily obtained by considering the body diagonal
length (which will become the size determining - in pure lattice it is the edge, containing 2 radii
- , but at the minimum size, the guest just fits into the hole set by the original size determining
edge/diagonal size):
√
√
r0
3a = 32r = 2r + 2r0 ⇒ = sqrt3 − 1 = 0.73
r

(10.15)

again, after this whole is occupied, the body diagonal
√ will set the unit cell size, as on the edge
the particles will no longer touch, thus: 2r + 2r0 = 3a0 . Each primitive cubic cell contains 1
hole of this type, thus 1:1 ratio to the host and guest can be obtained.
Octahedral holes occur e.g. in face centred cubic lattices in the centres of the edges and in
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the centre, all being the same. They are octahedral, because are surrounded by an octahedral
arrangement of host atoms (at the centres of the faces), thus the guest has N=6. Their size
is computed using the edge length, remembering that the pure cells size is set along the face
diagonal:
4
r0 √
(10.16)
2r + 2r0 = a = √ r ⇒ = 2 − 1 = 0.41
r
2
thus, these holes can be occupied only by smaller particles. If occupied by greater than the
minimal size particles, the edge will become the size-limiting: 2r + 2r0 = a0 . There are 1 + 12 ?
0.25 = 4 octahedral sites available in the middle and along the edges in a face centred cubic
lattice, thus the maximum guest to host ratio is 1:1.
Tetrahedral holes are surrounded by a tetrahedral arrangement of host atoms, thus they have a
relatively low, 4 coordination number. In a face-centred cubic lattice (ccp), e.g. they are found
along the body diagonals, three face-center particles and the nearest vertex particle forming the
tetrahedra around them. Their position is described by (1/4, 1/4, 1/4) and (3/4, 3/4, 3/4) along
1 diagonal, and similarly the other 6 around the other 3 body diagonals. It can be calculated
(remember, in pure state, the face diagonal sets the size, i.e. determines the lattice parameters
dependence on radius), that the minimum ratio is:
r0
= 0.25
r

(10.17)

suggesting, that this is an even smaller hole. Per unit cell, however, there are 8 holes in an fcc,
meaning 2 guest atom per host atom.
It is important to see, that these holes are present not just in fcc or primitive cubic lattices. For
example both octahedral and tetrahedral holes are present both in the hcp and the bcc lattice. For
example, there are similarly 4 tetrahedral holes in a hcp lattice at (0,0,3/8), (0,0,5/8), (2/3, 1/3,
1/8), (2/3, 1/3, 7/8) and 2 octahedral holes at (1/3, 2/3, 1/4) and (1/3, 2/3, 3/4). In bcc, distorted
octahedral holes exist in the middle of the faces and in the edge centres, thus altogether 6 per
cell, 3 per atom. The distorted tetrahedral holes in a bcc are situated on the faces, on each four,
between the edge octahedral hole and the centre octahedral holes - e.g. at (0, 1/2, 1/4), forming
a square. The size of these tetrahedral holes, again, is easily obtained, knowing that for bcc, the
size limiting in pure state is the body diagonal:
first from the position of the hole, if at C, and O is one of the vertices:
r
r
a2 a2
5
0
OC = r + r =
+ =
a
(10.18)
16 4
16
from the body diagonal setting the size:
r
4
5
r0
a= √ r⇒ =(
− 1) = 0.29
r
3
3

(10.19)

.
Lastly, it is important to point out, that not only holes can give place for guest atoms in a lattice.
If the lattice layers are not closely packed, but e.g. 3 layer is closely packed and there is a gap
between the next 3 or 2 layer, then this gap can also - in this case - intercalate guest atoms. Such
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gaps usually occur in compounds, where the valence of the atom, e.g. oxygen limits the number
of bonds one atom can form and thus the number of lattices that are packed upon each other.
The importance of intercalation compounds is huge - e.g. Li intercalation enables building of
Li-ion batteries, where the Li ion has to be intercalated into the cathode material, which in the
current versions, usually is a layered fcc structure, e.g. CoO2 , or Co can be replaced for other
d-metals, or initially TiS2. Upon discharge, the Li metal gives down electron on the anode,
enters into the electrolyte and diffuse to the cathode, where it intercalates between the layers,
while its electron reduces the metal in the oxide - to give e.g. LiCoO2 . From this, it is obvious,
that the intercalation capacity along with the number of reducible metal sets a limit on battery
capacity. Overcoming these limitations needs knowledge of chemistry, and is currently an active
area of research. Now, armed with the knowledge about cavities, interstition and intercalation,
let us deal properly with lattices of compounds other than metals, where we had always the same
atom.

10.2.4

Lattices of (ionic) compounds

Compounds adopt a huge variety of lattices in their solid crystal state. It boils down to the
fact, that the interaction between them might depend on their orientation and on their differing
size. Usually, the structure is formed, which minimizes the free energy of the lattice. This is
function of entropy and enthalpy - we will see some models to predict enthalpy changes when
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transitioning to solid state in the next section. Here, we deal with the most common crystal types
of ionic solids - but we should keep in mind, that molecules, e.g. water in ice forms of course
crystal lattices - in the case of ice, this involves formation of hexagonal rings.
The crystal structure of simple ionic compounds can be rationalized based upon the assumption
that bonding is maximalized by maximalizing the surrounding opposite charge ion number for
a given size ratio. Also, simple ionic compounds are usually interstitial compounds - where the
larger ions (most of the case the anions, but if the cation is bigger, e.g. in the case of CaF2 , them)
form a lattice structure and the smaller ions occupy the available holes. From our assumption
follows, that the higher coordination number a hole is, the more favourable it is.
Thus, the cubic holes are inherently favoured. In the primitive cubic lattice, the so-called CsCl
lattice forms if they are filled. There are two limitations on the formation of CsCl lattice: there is
only 1 hole available per larger ion for the smaller ion, so if we assume that the cation is smaller
(if the reverse is the case, invert the formula), only Kn A with 1 = n is possible. Also, this hole
0
can only be filled if the smaller ion is large enough, i.e. rr = 0.73.
Next in row are the octahedral holes with coordination number 6. In fcc lattices, they are found
in 1:1 host to guest ratio, thus again, only in Kn A with 1 = n structures can they be filled (other
cation can of course be present in the tetrahedral holes). The size limitation imposed on them
0
implies that only in the rr = 0.41 case can they be filled (and below 0.73 - as for 1:1, above that
the 8 coordination number is more favourable). NaCl adopts a lattice where all the octahedral
sites are filled, thus the name rocksalt structure for this type of lattice. However, for other
stochiometries we can without any problem have some of the octahedral sites remaining vacant,
e.g. in CdI2 only half is filled.
Lastly, the tetrahedral holes offer only coordination by 4 atoms. In return, they can inhabit small
0
atoms, as the limiting ratio is rr = 0.25 which most systems satisfy. In a fcc lattice, there are 8
such sites present in a unit cell, thus 2 per atom, enabling up to Kn A with 2 = n. If only half of
the tetrahedral sites are occupied (to minimize energy, those which are opposite to each other,
i.e. on each level we have 2 filled and 2 vacant and the vacancies are not above each other), we
refer to the lattice as zinc-blende lattice, as ZnS adopts it. If all the tetrahedral sites are filled,
the lattice is called fluorite or CaF2 lattice (attention to the relative sizes).
Apart from these, many other lattices exist. It is worth mentioning, that the diamond lattice
which is adopted by diamond and SiO2 as well, is just a ZnS lattice, however bonds between
the atoms. In diamond, all the atoms are C, and in SiO2 , the silicium atoms occupy a diamond
lattice with oxygen bridging them. Of higher interest nowadays are both the perovskites and the
spinels.
The spinels of the formula AB2 O4 are easy to describe: their unit cell is built up from 4 fcc
unit cells, in each of which, the oxygen occupies the lattice sites. In one pair of two opposite
subcells, all octahedral sites are filled by atom B, whereas in the other pair 2-2 tetrahedral sites
are occupied by A as well. Such is the structure of MgAl2 O4 or Fe3 O4 , where, as we see, there
are two types of Fe atoms.
Perovskites having the formula ABX3 have a primitive cubic lattice formed from the A atoms. In
the middle of it, in the cubic hole, resides the B. The X atoms occupy the centres of the faces,
forming octahedra (important to modify the electron levels in a specific way, see complexes)
around B. A good example is the BaTiO3 .
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We can continuous listing up the lattice types, from which there is at least 230. It is probably,
however, more rewarding to find out what holds these lattices together - or what model can
suitably describe bonding in lattices and thus rationalize their presence.

10.3

Bonding in solid state

10.3.1

Quantifying bonding

A good measure of bonding strength in solid state is the lattice energy, more precisely, the lattice enthalpy. Lattice energy is defined as the energy of formation of a crystal from infinitely
separated (i.e. non-interacting) ions. According to the historical definition, it is defined for the
reversed process and thus always considered positive - but if this definition is applied, will always be negative.
We can not measure this quantity, however, directly experimentally, as it is extremely difficult to
prepare gaseous (necessary for non-interaction) and non-interacting ions of necessary quantity
and then measure the energy of their condensation and crystal formation. Therefore, lattice energy either is determined by constructing a cycle (Born-Haber cycle) where every other energy
change can be measured and we use the fact that the energy is a state function to deduce the value
of the lattice energy. Alternatively, as we will see, we can predict the lattice energy using theoretical models, which, however, always neglect some factors - if the result thus obtained does
match with the Born-Haber cycle measured one, we are happy, however, if there is a significant
mismatch, means, that our theoretical consideration has neglected an important contribution or
weighted a contribution too much when accounting for bonding energy.
The Born-Haber can, however, in its original form give lattice energy only of fully ionic compounds (as it assumes complete ionization). As, however, most bonding involves both ionic and
covalent (arising from electron share between atoms, not from putting electron onto the more
EN atom) terms, the extended BH cycle improves the validity of the original. First, we discuss
the original cycle, than the extended one. The Born-Haber cycle invokes the following processes
to calculate the lattice energy (or if that is known, any other quantity) for a general ionic compound from Me metal and X2 higher EN compound, if the metal ends up in oxidation state n
and the other in m, i.e. Mem Nn : 1. start with stable elements and first bring them into gaseous
state (atomization for a metal, usually sublimation (which is sum of vapourizaiton and fusion, if
solid, only vapourizaiton if liquid) of a condensed non-metal, if already gas, than this term does
not appear:
n
n
∆H(1) = ∆atomization H(Me) ? m + ∆ f us H(X2 ) ? + ∆vap (X2 ) ?
(10.20)
2
2
, thus we have mMe(g) and n2 N2 (g). 2. then, once in gas phase, the individual atoms are formed.
For metal, this already is the state, but for a covalently bonded structure, the bonds (bond energy
refers to breaking all the bonds between two atoms) has to be broken to yield free atoms:
n
∆H(2) = ∆bond H ?
(10.21)
2
thus, we have m Me(g) and n N(g). 3. next, from the individual atoms, ions are formed for which
the enthalpy change is calculated using the ionization energies (the first, second etc. depending
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on the number of electrons removed to reach the desired oxidation state) and the electron affinities:
|ox.state|

ox.state

∆H(3) =

∑

∆ionizaiton H i ? m −

∑

i

∆el.a f f inity H j ? n

(10.22)

j

thus, we have m Men+ (g) and n N m− (g). 4. then, we form the lattice from the gaseous ion, the
step which is accompanied by the enthalpy change of interest, the lattice energy:
∆H(4) = ∆lattice H

(10.23)

thus we have Mem Nn (s). 5. lastly, we return to the initial state by using the known enthalpies of
formation of the compound:
∆H(5) = −/Delta f ormation (Mem Nn )

(10.24)

and thus we have returned to the initial state, i.e. the sum of the enthalpies accompanying the
processes must be 0 (Hess law):
5

∑ ∆H(i) = 0

(10.25)

i

from this, we can obtain an expression for the lattice enthalpy:
∆lattice H = /Delta f ormation (Mem Nn )∆atomization H(Me) ? m+

(10.26)

n
n
n
+ ∆ f us H(X2 ) ? + ∆vap (X2 ) ? + ∆bond H ? +
2
2
2

(10.27)

|ox.state|

ox.state

+

∑
i

∆ionizaiton H i ? m −

∑

∆el.a f f inity H j ? n

(10.28)

j

Qualitatively, this picture tells us, that the favourable the formation of the lattice from its elements, the higher its lattice energy will be, but the ionization (the more energy it requires, the
less stable the lattice) and electron affinities (the more energy is liberated, the stable the lattice)
as well as the bonds (the stronger, the less stable the lattice) that have to be broken up, can make
a significant contribution to it as well. It is obvious now, that this picture can deal only with
purely ionic compounds - e.g. alkali salts.
The extended Born-Haber cycle considers the bonding energy between different atoms coming
from the ionic bonding and the covalent bonding. Under ionic contribution the electrostatic
energy resulting from the separated charges is meant, whereas under covalent contribution, the
energy lowering effect of placing electrons into bonding orbitals which lye lower in energy than
the individual atomic orbitals. In that case, the lattice energy still computed as:
∆Hlattice = ∆Hcov + ∆Hel = ∆H f orm − ∆Hatom − ∆Hion + ∆Ha f f

(10.29)

where the covalent term is the energy accompanying localized bond formation between the
atoms, whereas the electronic is the formation of lattice just from charged particles. Also, the
extended model says that we do not necessarily have to consider full ionization - we can consider partial ionization as well, so instead of the full ionization and electron affinity terms, partial
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ionization, affinity terms appear, because we form only Mex+ and N y where x and y is less then
or equal the formal charge of the atom.
The lattice energy thus obtained, usually is utilized to predict the enthalpy change of other processes, e.g. dissolution ion a solvent. The enthalpy change of dissolution, if the solvation energy
(solvating independent, gas phase particles) is known, can be computed by first going to the
ionic gas phase and then from there to the solvated state, as:
∆Hsol = −∆Hlattice + ∆Hsolvation

(10.30)

this predicts, that the more solvated and the less bonded in lattice a compound is, the more will
dissolved from it (as ∆Gsol = −RT ln(L) = ∆Hsol − T ∆Ssol ). Now let us turn to the theoretical
predictions that can be given to the lattice energy, i.e. to the bonding in solid state.

10.3.2

Ionic model of bonding

Calculation of the lattice energy of an ionic lattice from first principles could proceed as follows:
if two ions of opposite charge approach each other, the energy of the system decreases, or can
be given as (simply, check out the initial energy formula that I have written - energy is given as
the work done by a conservative field on a particle between two points - here, one of the points,
the reference point is placed at infinity):
E =−

Z + Z − e2
4πε0 r

(10.31)

however, at small distances, a strong repulsion is felt (due to electron-electron, nucleus-nucleus
repulsion), for which the energy is:
B
E= n
(10.32)
r
thus, per mole interaction, the energy is:
E =−

NA Z + Z − e2 NA B
+ n
4πε0 r
r

(10.33)

in order to eliminate B, we state that at equilibrium separation ∂∂Er = 0, i.e. when r = r0 . From
this follows and expression for the equilibrium bond length and with which, that the energy of
the ion pair can be rewritten as:
E =−

1
NA Z + Z − e2
(1 − )
4πε0 r0
n

(10.34)

here, the Born exponent is a quantity that depends on the atoms and can be determined experimentally.
However, in a lattice there is not only 1 ion pair interaction: a given atom interacts with all its
neighbours. Their distance from the atom in interest, knowing the crystal structure, can be given
as a function of the equilibrium bond length between the two nearest neighbours (r0 ). Also, the
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crystal structure can tell us, how many nearest neighbour the atom has, how many second nearest, but same charge neighbours etc. Therefore, knowing the crystal structure, all these 2 atom
interactions can be factored into the energy of the lattice. For example, for a rocksalt structure:
6 12
8
6
24
Etot = Eionpair ? ( − √ + √ − √ + √ + ...)
1
3
5
2
4

(10.35)

where each term accounts for the interaction with a specific group of neighbours. The odd
terms are positive, as they are the opposite charge ion interactions, e.g. 6 is the coordination
number, i.e. number of closes neighbours, whereas the even terms are from the interaction with
same charge ions, which destabilize the lattice. Now the beautiful thing is, that this expression
converges to a finite value, the Madelung constant, M, whose value, of course, as is determined
by the geometry of the lattice, i.e. relative position of ions, is determined by the lattice type.
Thus, our model predicts for purely ionic lattice:
Elattice = −

1
MNA Z + Z − e2
(1 − )
4πε0 r0
n

(10.36)

the Madelung constant e.g. for NaCl is 1.74 - it generally is in the range 1-5. This equation is
called the Born-Landé equation. This value can be compared with the experimentally determined
(see cycle) values, or measured (difficult, but possible) values - if good match is observed, we
can treat the lattice as nearly pure ionic lattice. However, for a number of compounds, the lattice
energy is more negative than predicted by this model. For example for the silver salts. This fact
can be explained by recognizing, that apart from the ionic charge-charge interaction and energy,
the covalent bond formation, i.e. electron sharing in (molecular) orbitals with lower energy
(geometrically because found between two or more atms)contributes to the energy of bonding
in solid state. A very brief touch is given to this in the next chapter. Before that however, let
us mention the Kaputinski equation, an approximation for the above equation, that allows us to
predict the lattice energy for an unknown structure compound:
Elattice ≈

290.1Z + Z − N
0.345
(1 −
)
r+ + r−
r+ + r−

(10.37)

here, N is the number of atoms in the formula unit (e.g. 2 in NaCl, CsCl, 3 in fluorite). This uses
an average value of the Madelung constant - still, it works quite well.

10.3.3

Orbital approach of solid state bonding

The QM picture of a crystalline solid is a periodic potential field with periodic boundary conditions, i.e. nuclei placed at regular, repeating intervals, each generating a field and at a given
point, the potential is the sum of all the individual potentials. We only have to insert this formula
for the potential into the TISE and solve to get the stationary state, i.e. orbital solutions. It again,
is crucial to see, that this solution is a function taking value at every point of the solid. Each of
these eigenfunctions have an energy eigenvalue.
Now, quantitative treatments of these systems is still a largely unsolved problem, mainly because the periodic boundary conditions and the electron-electron interaction. The Hartree-Fock
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method we have used before is incredibly time consuming at this dimension scale, whereas the
DFT, density functional theory approximation can give only very uncertain, i.e. inaccurate predictions.
Although quantitative results are difficult to obtain, qualitatively we can understand the bonding
in solid state.
First, let us approximate the potential inside with a constant potential. We have solved the TISE
for this case before - we have seen, that for the free electron case, the allowed energy levels are
given by:
h̄2 (kx2 + ky2 + kz2 )
2π
E(k) =
with k = ±n ?
(10.38)
2m
L
Thus, we see, that for a very large system, i.e. where L is large, the energy levels will be very
closely spaced, and we can speak of so-called energy band. Also, we have seen, that the FermiDirac statistics predicts, that at T=0, the lowest energy levels will be filled, the last called the
Fermi-level. At higher temperatures, the expectation value for an orbital to be filled was given
by:
1
f (E) =
(10.39)
E−εF
kb T
1+e
i.e. approaches 0.5 for high temperature.
However, solids usually does not have a constant potential, where we expect a continuous band
for the allowed energies. No, their allowed energy levels are grouped into bands, that are separated from each other by band gaps, i.e. regions in the energy spectrum, to which no orbital, no
eigenfunction eigenenergy corresponds. We can understand why this is the case.
Assume that we have two atoms, we right symmetry and degenerate orbitals, which can interact
- they will, as the HF method predicts, produce 2 new orbitals, one lower, one higher in energy.
Now, as we place an other atom next to them, its orbital can interact with the already formed
molecular orbitals - 3 orbitals will yield 3 new orbitals. We can not say much about the position
of the middle orbital, but we can foretell, that the lowest lying orbital will be lower than any of
the starting orbitals, and the highest lying higher than any of the starting orbitals. If we proceed
adding more and more atoms (a lattice usually contains molar quantities from particles), the
interesting observation is, that the lowest lying orbital will always converge to a lowest value,
the highest lying to a highest. Thus, from the combination of s orbitals, the s bands forms, from
the combination of p orbitals the p bands and from the d orbitals the d bands. These bands can
overlap, nothing prevents them from doing so. The width of the band generally represents the
strength of the interaction between the interacting orbitals.
Now, according to the Fermi-Dirac statistics, the levels will be filled from the bottom - at low
temperatures, the lowest lying levels will be filled first. For example in Li, the 2s orbital contains
1 electron per atoms - N atom creates N orbitals in the s bands, and half of them will be filled,
because two electron can occupy one atomic orbital (see Pauling). For example, if we replace
some Li with Be in the lattice, more than half of the s band will be filled. The reason why Be
exists (and indeed it does) as metal, is that the p band overlaps with the s band - so not all the s
band will be occupied, which would lead to no net energy decrease, but the upper region of the
s band will remain relatively vacant, while the lower, to the s degenerate p band will be filled.
Lastly, if we have molecules, i.e. systems where the electrons are assigned to molecular orbitals
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already, not to atomic orbitals, occupy the lattice points, these molecular orbitals, assuming their
right symmetry can interact to give bands. It is important not to forget that the antibonding orbitals interact in the same way. Thus, for a diatomic, e.g. H2 , we start out with the σ and the σ ?
orbitals - they interact, to form two bands. Depending on the relation of the interaction strength
(setting the width of the bands) and the initial separation of the bands, i.e. the interaction of
the atomic orbitals, from which it was formed), a band gap might arise between the two bands
- but might not as well. Decreasing the separation until the equilibrium bond length is reached
yields in stronger interaction, thus the widening of the individual bands and decreasing of the
band gap.
To better understand this picture, let us see how the conductivity is explained. For the free electron model, i.e. assuming a metal where the electrons are free (this, nearly is the case) we have
seen that each solution could be written of the form:
√
2mE
ikx
−ikx
ψ(x) = C+ e +C− e
with k =
(10.40)
h̄
This means, that any (properly normalized) linear combination of the two functions, ψk (x) and
ψ−k (x) will be a solution to the SE. These solutions in fact describe waves propagating in the
positive and negative directions. The boundary conditions (that our metal, or material is very
large) imply the allowed values for k and thus for the energy:
k=

2nπ
(h̄k)2
⇒ E(k) =
L
2m

(10.41)

this means, that each energy level is twofold degenerate - as we have both the k and the -k
wavefunction having the same energy. The Fermi-Dirac distribution suggests that at T=0 the
lowest energy levels will be filled and as the temperature is raised, higher values of k states will
be occupied with increasing probability.
Now, if we place our (so far 1D, but this generalizes to 3D) metal into an electric field, it will
exert a force on the particles which defines their momentum change - which in turn is related to
k (accept this):
d p h̄dk
eEt
F = −eE =
=
⇒ k(t) = k(0) −
(10.42)
dt
dt
h̄
this means, that the electrons will accelerate, i.e. increase their momentum, or k. However,
as they increase their momentum, they will more and more deaccelerated, or hindered in their
motion by the lattice atoms - therefore, after a certain time, τ, an equilibrium, or stationary
momentum will be reached:
k(stat) = k(0) + δ K

with δ k = −

eEτ
h̄

(10.43)

thus, the electric field increases every wave vector, k (k is a vector in more dimensions) by
the same δ k amount. Now it is crucial to see what this means - this means that the solutions
with a negative k have increased, thus the absolute value of their k have decreased, i.e. those
electrons will occupy lower energy levels, levels, which were already occupied. However, at
high positive k, the increase in k means that the energy increased, thus the electrons described
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by these wavefunctions will occupy higher energy levels - ones that were not occupied before.
This means, that the range of occupied energy levels has increased, or should increase.
Now, if this can happen, and only then, the system will contain more electrons described by
waves travelling to the right, than travelling to the left (negative direction) - that means, that
there will be a net flow to one direction of electrons, i.e. the metal will conduct if placed into an
electric field. However, when can this happen? This can happen if and only if there are actually
energy levels available where the electrons can be ’excited’ - as generally, at low T-s, levels are
filled until the Fermi level, or only a very few levels are filled above it, conduction requires that
here should be allowed states just above the Fermi level - and these should not be occupied. If
there is a band gap there, or filled orbitals, the material will not conduct (at low temperatures).
Now this was a bit simplistic model, but the conclusions are right: generally, for conduction, free,
or lightly bounded electrons are needed, and the participation, thus large density (level density is
the number of available states in small energy interval around an energy level) of states around
the Fermi level. Also, the conductivity depends on temperature and on the defects present, which
might alter the stationary momentum of the conducting electrons. Now these criteria allows us
to characterise the materials based on their band structure and thus conductivity in solid state.
If the Fermi energy lies inside the highest occupied band, there are lot of free states available
around it. In this case, the conductivity thus is high, many electrons can conduct, and we speak
of metals. Moreover, the resistivity for metals decreases with temperature, because the electronvibrating atom interactions will become less efficient (accept this). If the Fermi level occurs
near the top or the bottom of a band, where the bands might overlap, generally, there are less
available states, thus the conductivity is lower - we speak of semimetals, e.g. graphite.
If then the Fermi level is on the top of a band, the system will not transport current at T=0 (the
excited electrons can not occupy any levels, i.e. can not be excited to conduct), and we either
have an insulator or a semiconductor. However, at finite temperature, electrons will be present
in the lowest empty band as well (conduction band) and as there there are available energy
levels, they can conduct electricity. Therefore, the semiconductor conducts because its holes (in
the valence band) and electrons (in the conduction band) can move. In contrast to metals, the
conductance of a semiconductor increases with temperature, as the number of charge carriers in
conduction band and holes in valence band increases. The insulator-semiconductor difference
is made based on the materials behaviour at room temperature. If it has small enough band gap
such that electrons populate the conduction band to a sizeable degree in terms of conductance,
we speak of semiconductor, e.g. germanium - however, if the bandgap is large, there aren’t any
detectable electrons in the conduction band that could conduct (with holes in the valence band),
e.g. diamond. Thus, in metals and semimetals, the ρ (resistivity) vs T curve has a positive slope,
they are temperature inactivated, semiconductors and insulators has a negative slope and thus
are temperature activated.

10.4

Properties of complexes

We have so far dealt with complexes by discussing their formation equilibria, but we have not
yet discussed what they are, how and obeying to which principles they form. Complexes, or
coordination complexes are compounds in which a central atom, usually a metal is surrounded
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by ligands, that are linked to it. The complexing agents form bonds either with low lying electron
pairs, e.g. lone pairs, π bonds or with aromatic rings. They may adopt various structures, this
is explained first, and then we rationalize these structures by the bonding in them. Lastly, we
discuss how their magnetic properties are determined by their geometry and constitution.

10.4.1

Structure and isomerism

The coordination number in a complex can be various. For N = 2, the complexes adopt linear, for
N=3 a trigonal planar structure. In the N=4, both the usual tetrahedral but also, the square planar
structure can occur (rationalized later). For N=5, either the square pyramidal or the trigonal
bypiramidal, for N=6, usually an octahedral geometry occurs. In the case of N =7, pentagonal
bipyramidal (most often), capped octahedral or capped trigonal prismatic complexes do and can
occur. For N=8, the usual structure is square antiprismatic, but a dodecahedral structure can exist
as well, whereas in the N=9 case, usually a triaugmented triangular prism, or a capped square
antiprism is seen.
However, although these structures are all in accordance with the principle of repulsion minimization, in special cases due to electronic effects, some structures will be favoured over others.
Jahn-Teller effect is such an effect, which favours generally bent structure over linear, trigonal
pyramidal over planar and trigonal prismatic over octahedral.
Just as for other compounds, isomerism exists in the case of complexes as well. The isomerism,
in general, can be of two types. In constitutional isomers, the formula is the same although
there is different bonding in the isomers. In stereoisomers, both the structural and the molecular
formulae match, the isomers only differ in the relative position of the ligands.
Linkage isomerism is a type of constitutional isomerism: here, the ligands, usually ambidentate
(has multiple binding place) bind to the central atom through different atoms. For example, the
NO2 group can bind to a metal either through the N (nitro) or the O atom (nitrito), but similarly,
the cyanide ion, CN − can either bind through the C or the N atoms, the cyanate CNO− through
the C or the O and the thiocyanate, CNS− through the S or N. The two forms always have different electron density on the central atom, thus usually differ in color. They can be interconverted
as well, usually by light absorption, and they return to the more stable state by heat release.
Example: [Co(NH3 )5(NO2 )]2+ and[Co(NH3 )(ONO)]2+ .
Coordinational isomerism also, is a constitutional isomerism. It occurs whenever we have a complex cation and cation together in a compound and a ligand can ligate to both the cation and the
anion. Then, the ligand can be transferred from the cation to the anion, while the overall formula,
constitution remaining unchanged. E.g. [Pt(NH3 )4 ][PtCl4 ] and [Pt(NH3 )Cl][Pt(NH3 )Cl3 ].
In order to speak about position isomerism (also constitutional isomerism), we have to have a
multi-center complex. Then, there are different positions: either terminal or bridge positions. Although at bridge positions only certain ligands can exists and more than 2 bridging ligand (necessary for isomerism) is rarely seen, ligands can be interchanged, i.e. placed in multiple combinations to the terminal positions. E.g. [(NH3 )4Co − (OH)2 −Co(NH3 )2Cl2 ]3+ orCl(NH3 )3Co −
(OH)2 −Co(NH3 )3Cl, where the chloride ion has been exchanged for an ammonium ion on the
terminal positions.
In most of the cases when a complex is present, we can differentiate an inner and an outer coordination sphere. The ligands forming the inner sphere are binding directly to the central atom
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and thus can not be removed e.g. by precipitation. The ligands in the outer sphere are counterions to the charged metal-ligand complex and thus do not bind directly to the complex, but
are necessarily present to balance charges. They can, therefore, for example be precipitate or
removed by other methods without affecting the inner sphere ligands. Now ionisation isomerism
occurs whenever we have two or more compounds that have the same ligand but in differing distribution between the inner and outer spheres. As the electron density differ here as well around
the central atom, ionisation isomers usually have different colours. E.g. [Co(NH3 )5 SO4 ]Br os
violet, [Co(NH3 )5 Br]SO4 is dark violet.
Amongst constitutional isomerism types, solvatation/hydration isomerism is also worth a mention. An inner sphere ligand can not only be exchanged by an outer sphere ligand, but it can be
exchange by a solvate shell molecule as well - if we are in aqueous media, by water. This
forces one ligand out of the inner shell, the presence of which, and thus the occurrence of
the interchange we can easily detect, e.g. by precipitation. The compounds differing only in
the number of solvating molecules around it and in its inner shell, are called solvational isomers. For example: [Cr(H2 O)5Cl]Cl2 ? 2H2 O is a hydrational isomer of the darker coloured
[Cr(H2 O)4Cl2 ]Cl ? H2 O, as we see how the inner shell solvent has been exchanged by a fluoride
ion from the outer shell. Also, we speak of ligand isomerism, if the ligands in two compounds
are the isomers of each other, e.g. both n-propyl and i-propyl group can ligate, and thus yield
ligand isomers. Lastly, we speak of polymerization isomerism, if units with the same formula
make up on compound, but the number of units differ between two compounds - e.g. [Re2Cl8 ]2−
and [Re3Cl12 ]3− . Stereoisomerism has three main types, as opposed to the many types for constitutional isomerism discussed above. Two stereoisomers are related to each other - they are
either diastereomers, i.e. not mirror images although not the same, or enantiomers, i.e. mirror
images. It is a good practice to select the ligands, 2, 3 whose position we consider, beforehand e.g. the 2 chlorine in Pt(NH3 )2Cl2 .
Cis-trans isomerism can occur in both octahedral and square-planar complexes. In both cases,
if two ligands are considered, they can either be adjacent (cis-isomer) or opposite (trans-isomer)
to each other. The cis-trans isomers, therefore, are always diastereomers. If the position of three
ligands is to be considered in an octahedral complex, we can distinguish the facial arrangement,
fac, when all three are adjacent to each other (3 cis relation) and the mer, meridional isomer,
where out of the 3 relations, 2 is cis, 1 is trans (i.e. a T shape). The diastereomers differ both in
their chemical and their physical properties.
If the molecule does not have an inner plane of symmetry, it can exist in two, non-superimposable
but mirror-image forms, i.e. in two enantiomers. These enantiomers are optical isomers of each
other, because they have the same formula, but behave differently upon interaction with light:
one isomer rotates the oscillation plane of a polarized light in one direction, the other enantiomer
with the same amount into the other direction. Therefore to check, whether a molecule, a complex exists as two enantiomers, we just have to check whether it possesses a plane of symmetry
- if not, then yes. Usually, in organic molecules, the presence of a stereocenter, i.e. a carbon
with 4 different ligands will mean that there will not be a symmetry plane inside the molecule,
thus two enantiomers will exist. In inorganic complexes, it is easier to check the presence of the
symmetry plane directly rather than searching for motifs that excludes its presence.
Generally, when writing up the isomers associated with a given formula, it is a good practice
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to first write up the constitutional isomers, than check that which of these isomers can exist as
diastereomers - i.e. show geometrical (cis-trans) isomery. Once the diastereomers have been
found, each of them is checked, whether it contains a plane of symmetry or not - if not, that
isomer can further exit as two enantiomers.

Now we have seen the structural variety characterising complexes - we now discuss how these
structures can be understood with our knowledge about the bonding in compounds.

10.4.2

Bonding in complexes

We should not expect a true bonding picture other than that of QM for any compounds. As we
have constructed MO diagrams for diatomics and simple molecules, certainly, these exist for
complexes. To construct them, we only have to remind themselves of the principles: the combination of n atomic orbitals results in n new molecular orbitals. Only those atomic orbitals will
interact, which have both the right symmetry and energy. Therefore:
In metals, we usually consider the 3d (4d) and the 4s, 4p (5s, 5p) orbitals and combine them
with the ligands orbitals.
The symmetry of the orbitals is given exactly by Group Theory - a mathematical theory. In
group theoretical terms, the s orbital on the metal has a1g , the 3 p orbitals have t1u and we have
two types of d orbitals: the 3dz2 and 3dx2 −y2 has eg symmetry and the other three, 3di j orbitals
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have t2g symmetry.
Now we must inspect the symmetry of the liganding orbitals. First, in octahedral case and only
σ type orbitals, i.e. ones pointing towards the metal - these can either be nonbonding pairs (hybrid orbitals), p or s orbitals. Now, we know, that we have six of these, at the vertices of the
octahedra. Instead of inspecting them 1 by one with every orbital, we combine the six orbitals
to get six new orbitals (basically redefining the base - they have to remain orthogonal and come
in same number) each of which to possible have a symmetry matching the metal orbitals - thus
we obtain the symmetry orbitals. Remember, we are justified to do this - as we have to provide
a basis set of interacting orbitals, but that must not necessarily be the exact basis, we can create
a new basis from them.
The SO1 has all the orbitals in phase on the vertices - this SO has a1g symmetry thus combines
with the s orbital. SO2, SO3, SO4 contain the orbitals along one of the axis only, with opposite
phases - these orbitals will have t1u symmetry combining with the p orbitals. SO5 and SO6 will
contain a square planar arrangement of the orbitals, with no axial ones, and the opposite lying
ones having the same, the adjacent the opposite phase (SO5) and a full octahedral arrangement
just with the axial orbitals differing in phase from the equatorial ones. These have eg symmetry,
thus combine with the 2 d orbitals 3dz2 and 3dx2 −y2 . If we have only σ orbitals, which are symmetric around their axis, we will not be able to construct SO-s being able to interact with the
other d orbitals, as because of wrong symmetry, the overlap always will be 0.
Now it is easy to construct a qualitative MO diagram (we should keep in mind, that the 3d orbitals ly lower than the 4s and 4p): SO1 and 1s combine to form a low lying bonding 1a1g and
a high lying antibonding 2a1g . The 3 p orbitals ly above the s, thus their interaction with SO2,
SO3, SO4 probably will yield 3 (degenerate) 1tu orbital higher than the 1a1g and 3 nonbonding
orbitals 2t1u lying higher than 2a1g . The 2 remaining d orbitals with SO5 and SO6, will create 2
bonding 1eg (the highest lying bonding orbital) and 2 antibonding 2eg . The other three d orbitals
will not participate in bonding and will remain nonbonding - just below the antbonding 2eg , in
the original level of the d orbitals.
The relative position of the bonding and antibonding orbitals might vary, but in general, we obtain that we have 6 bonding orbitals, mainly at the ligands, 3 non-bonding orbitals at the metal
and 6 anti-bonding orbitals mainly at the metal.
If we have orbitals to combine on the ligands, that does not point towards the metal ion - e.g.
other two p orbitals, as on chlorine, fluorine etc. If we have a π donor ligand, i.e. one that
has filled π orbitals, e.g. p atomic orbital, we can create symmetry orbitals from these as well
and then interact the SO-s with the right symmetry metal orbital. It turns out, that the effect of
these is that we will have 3 new SO-s, that have the right symmetry, i.e. t2g to interact with the
previously non-bonding 3 metallic d orbitals. As a result, 3 bonding and 3 antibonding orbitals
will form, 1t2g and 2t2g . As a consequence, the separation between the previously nonbonding
orbital and the lowest lying antibonding orbital decreases, as the t2g form from the non-bonding
orbitals. If, on the other hand, we have a π acceptor - a compound, which has an empty antibonding orbital at right energy (higher than the σ orbital, usually above the 3d metal orbitals),
the interaction of this (the SO-s we can obtain from it) with the d orbitals will result in a 1t2g and
2t2g lying slightly below the d orbitals and one possibly lying above the antibonding 2eg . In this
case, the separation between the highest bonding and the lowest antibonding orbital, ∆o has in-
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creased. Generally, we will see, that the properties, which arise from this level structure, mainly
depend on the population of the these levels - the nonbonding d orbitals, and the antibonding
2eg - both situated on the metal.
Although octahedral complexes are far the most common in chemistry, we can go through the
above detailed arguments for an arbitrary arrangement of the ligands around the central atom to
compute the molecular orbitals forming in the ligand. The specific geometry, i.e. octahedral,
tetrahedral, square planar etc. (at quite low Ts) occurs only because that is the most stable for
that given metal-ligand case - i.e. we minimize energy using the BO approximation. We first
discuss these other two common geometries and then mention how a distortion in some cases
can further minimize energy and thus happen (Jahn-Teller distortion e.g.).
Our orbitals of interest, i.e. the ones formed from the interaction of the metal d orbitals, in octahedral arrangement are of two types - we have a non-bonding set of the three t2g symmetry
orbitals, and 2 antibonding 2eg orbitals formed from the eg symmetry dz2 and dx2 −y2 . If two
ligands are removed, i.e. in the square planar case, obviously the non-interacting non-bonding
orbitals will not be affected. However, the dz2 orbital will now bind to less orbitals - and therefore will have lower antibonding orbital, i.e. the 2eg -s split into a lower lying and 2 same level
lying orbitals. It is not trivial, but in the tetrahedral case, we will end up with two non-bonding
orbitals, the dz2 and dx2 −y2 and 3 antibonding orbitals formed from the interaction of di j .
Which of these geometries will have the lowest energy, as we will see, depends on their population with electrons. But generally, octahedral geometries will be the stable ones, except in
some specific cases. It will be worth noting here that the stability will largely be determined
by the occupation of the bonding orbitals - the high-spin, low-spin properties have a small, but
sometimes significant effect.
Still, in some cases, by distortion, the complexes can be further stabilized. The reason is the
same what we have observed in the molecular orbital structure of benzene and cyclohexatriene.
If we have a doubly degenerate electronic ground state, meaning that we can write up two ground
states that have the exact same energy, distortion along one of the axis that remove the degeneracy and make one of the states lower in energy, one higher, generally result in the stabilization
of the structure and therefore structures having these properties are prone to be distorted. As we
will shortly see, this indeed is the case, when - if the structure is octahedral and we have only σ
bonding ligands - in the ground state structure the non-bonding d orbitals are filled or half-filled
and the 2eg antibonding orbitals are filled by an odd number of electrons. There, namely, we
have two degenerate ground states depending on which 2eg orbital the unpaired electron is. This
arrangement, as we will see occurs in high-spin d 4 (when the non-bonding is half-filled and we
have 1 electron in the antibonding orbitals), low-spin d 7 (when the non-bonding is filled and
we have 1 electron in the antibonding orbitals) and d 9 (the non-bonding is filled and we have 3
electrons in the antibonding orbital) cases. Theoretically, a distortion having a symmetry breaking effect would stabilize the ground states in which we have electrons only in the non-bonding
states, but which are (triply) degenerate: d 1 (electron at 3 places, d 2 (empty orbital at three
places), low-spin d 4 (electron pair at 3 places), low-spin d 5 (unpaired electron at three places),
high-spin d 6 (electron pair at 3 places) and high-spin d 7 (unpaired electron at 3 places).
Generally, this distortion involves the elongation or distortion of the bonds along one axis in both
directions. This will have a similar effect to that we have seen giving rise to the levels in the
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square planar complex. In the case of elongation, the antibonding 2eg orbitals will cease to be
degenerate, the one formed from dz2 will be lower (as less bonding), the one formed from dx2 −y2
more antibonding, i.e. higher. The distortion affects the non-bonding t2g symmetry d orbitals as
well - the two pointing originally in the z direction, dxz , dyz , will be lowered, the other one, dxy ,
therefore, increased in energy (also shortening can stabilize, but that has the reverse effect - the
orbitals stabilized by elongation will be destabilized, those destabilized will be stabilized).
However, the split in these orbital energy levels is considerably smaller than in the case of orbitals pointing originally towards the axis, i.e. the eg symmetry dz2 orbital, and therefore, the
Jahn-Teller stabilization is considerably weaker in the case of triple degenerate ground states (in
those cases, the antibonding orbital energy level splitting has no effect, either because there is no
electron there, or because there is even number of electron there, so only the stabilization coming
from the non-bonding orbital energy level splitting stabilizes [which, however, does not have any
effect for the same argument in the case of double degenerate states], which is, however, very
weak). Thus, only a very small distortion will happen - similarly, in the tetrahedral complexes,
and whenever we have degenerate ground states (as we have seen for small molecules) distortion
can stabilize - just we have to inspect the strength of stabilization which depends on the energy
levels occupied.
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Stability of complexes

As we know now, how the orbital structure of a (mononuclear) complex looks like, we can proceed to discuss their electronic structures and thus their properties. To reiterate, in the simplest
case (octahedral, only σ bonding ligand), we have 6 bonding orbitals with large electron density
on the ligands: 1a1g and the 3 1t1u , formed from the interaction of metallic 4p, 4s orbitals with
the right symmetry SO orbitals and 2 1eg -s . Also, we have 3 nonbonding t2g orbitals, 2 antibonding 2eg -s (both metal based) and 1 antibonding 2a1g and 3 antibonding 2t1u . The relative
position of these might change and by no chase should we accept that they always come in this
order - their ordering depends on the strength of the interactions, thus on the energy match and
overlap (leaving place for material design - check Li-rich cathode materials). But in most of the
cases in our interest, the ordering is like this.
We have 12 (from the ligands) + N, where N is the number electrons of the metal ion electrons
to fill these orbitals (I can imagine, and everybody can less than 12 electrons from the ligands e.g. with radials, which would in the same way could lead to bonding - although a bit harder to
depict with our sticks, if there is a net stabilization from the population of molecular orbitals).
Now, these 12 electrons generally occupy (at low T-s, or in the ground state), the bonding orbitals. This will be the case not only in octahedral, but in other complexes as well - therefore, in
our interest are mainly the non-bonding (in the simple case) t2g and the antibonding 2eg -s, which
are filled with the N electrons of the metal cation. The stability of the complex will be the result
of the electrons in the bonding orbitals - these additional electrons in the non-bonding or antibonding orbitals, obviously, have a small (neutral or destabilizing) effect (which is sometimes
important though).
In an octahedral complex, for d 1 - d 3 transition metals, the ground state/lowest energy state is
intuitively the state where the 1-3 electrons occupy the non-bonding orbitals (speaking of ions,
the s electrons are removed first - it is interesting when we have 1 s electron, but we follow the
same logic in filling the orbitals, just should not forget about that), unpaired. However, from d 4
complexes upwards, electrons have to be either spin-paired (which we know, is less favourable)
or occupy the higher energy antibonding, but still metal based 2eg orbital. The energy separation between these two orbitals is denoted ∆o for octahedral, ∆t for tetrahedral complexes and
generally, as 2eg is the result of the metal d and the ligand SO (we speak of σ donors, if they can
interact this way) interaction, on the strength of the interaction. Whether the high-spin (when
instead of pairing them, i.e. accepting the loss of exchange stabilization term, i.e. accepting the
spin pairing penalty, the electrons are put into the above lying antibonding orbital) or the lowspin (electrons are spin-paired)a complex is lower in energy (the difference is often minuscule thus at finite T-s, they will have very similar occurrence), depends on the size of ∆o , ∆t compared
to the difference in exchange energy which stabilizes, say, by K per parallel spin pair.
The high-spin state, theoretically, will be favourable, i.e. more stabilized by the exchange interaction (-K per spin pair, altogether n) than destabilized by the placement of the electrons (N)
into the antibonding orbitals if the low to high spin transition releases energy:
N ? ∆ − K ? (n2 − n1 ) < 0

(10.44)

for the d 4 , d 5 case, this yields 1 ? ∆o − K(6 − 3) > 0 and (for the completely high spin one)
2 ? ∆o − K(10 − 4) > 0. They both yield, the condition ∆o > 3K. The condition can be calculated
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in the similar manner for other d metals (taking into account the right number of parallel pairs,
is important), but from d 8 , no more high-low spin difference can be made again. The value of
the K, i.e. exchange energy is relatively constant - but the ∆ value depends strongly both on the
ligand and the metal ion.
Generally, the better the match of the ligands orbital levels is, the stronger the interaction, the
higher the value of ∆. Therefore, raising the orbital energies generally results in stronger interaction. The electrochemical series give the ligands in increasing order of ∆o they invoke in a
given metal. Smallest splitting is caused by the halides, I − , Br− . Also, fluorides cause smaller
splitting than oxides, oxides smaller splitting than carbon, phosphorous compounds. Sulphides
cause generally smaller splitting even than fluorides. Highest splitting is caused by CN − and
CO. As we have mentioned before, π interactions decrease splitting - but their effect is smaller
than σ and therefore, have less effect on ∆.
As far as the metal is considered, the higher the oxidation state, the higher the splitting constant, the more is the low-spin complex favoured. This is explained by the metallic orbitals lying
closer to those of the ligands and as they are also contracted, can overlap better as well. Now
as was mentioned, and clearly, from the MO orbital picture, can be understood, the complexes
are stable because the bonding orbitals are filled and only a few or none antibonding orbital is
filled. But we would like to explain both their relative stability and the stability on the different
geometries as well.
In an octahedral complex, the ligand based bonding orbitals are always filled, causing an energy
decrease EL . Moreover, of the metal based 1eg , 1t2g , 2eg , 4 electrons always occupy the lowest
lying 1eg , and say n electrons occupy the higher lying 2eg . Thus, the total energy upon complex
formation is:
∆E = −EL + Eσ (n − 4)
(10.45)
Of course, EL changes as does Eσ as the nuclear charge increases and the metal orbitals become
closer and closer to the ligands orbitals, thus the bonding increases. As ∆t = 94 ∆o (attributed
to the not directly axial position of ligands), in tetrahedral complexes, generally the high-spin
states are favoured. In the case of square planar complex, dz2 is raised by ∆3o . Here, we speak
of high-spin if all the MO-s are at least singly filled, of low-spin if not. Furthermore, ∆o > ∆t
means that the interaction in octahedral complexes is stronger, and therefore the octahedral complexes are generally more stable than the tetrahedral ones (again, the low-high spin state energy
difference is minor to the total bonding energy, see above). However, if the ligand has large size,
crowding might favour tetrahedral arrangement instead of octahedral, and also, at the d 10 state,
all have the same energy. If the square-planar and the tetrahedral geometry is to be compared,
for d=0,1,2, clearly, there is no energy difference, the non-bonding orbitals are filled. However,
in the high-spin case, for d=3, d=4, square planarity is preferred, as in the high-spin case, there
first a non-bonding orbital and then a less antibonding orbital can be occupied instead of two
antibonding orbitals. Using the splitting energies given above, we can confirm, that the high spin
d=5 will have the same energy in both cases, but the d=8, 9 cases will prefer the square-planar
geometry. In the low-spin case, same arguments yield, that square-planar will be preferred in all
cases, except the equal d=1,2,0,10.
There is an empirical rule that gives a prediction on the stability of complexes, in general: the
eighteen electron rule says that the eighteen electron complexes usually are the stable ones (e.g.
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Fe(CO)5 , Ni(CO)4 , Cr(CO)6 and for some other complexes, e.g. for NO complexes as well).
For simple σ ligands, we would not expect this - we have seen that 12 are the bonding electrons,
next, the non-bonding orbitals are filled which should not make any effect. Furthermore, the antibonding 2eg is close in energy - meaning that up to around 22 electrons, the complexes should
be stable. Indeed, there are many exceptions: group 9,10 metals usually adopt square-planar
geometry, with 16 electrons (e.g. [NiCl4 ]2− ). Also, V (CO)6 is stable with 17 electrons. Although not even the electron counting is obvious, the underlying observation can be rationalized
with the orbital approach by reminding ourselves that the strong σ donor raises the antibonding
orbital to a large degree whereas a good π acceptor decreases the non-bonding orbitals. Thus, if
the ligand fulfils this criteria, e.g. as CO does, the optimum electron number is the 18, because
we have 9 bonding orbitals.
In the very last section, we quickly discuss again the magnetic properties of compounds which
allow us to detect or characterise the electronic properties of the complexes, mentioned so far
only without stating any evidence.

10.4.4

Magnetic properties of complexes

Now, how the actual state of a complex can be deciphered and how can the value ∆o measured?
The latter is a simple case - this is done by spectroscopy, the absorption of the complex is
measured and appropriately analysing absorption spectrum, yields the value for the splitting
energy (because electrons generally absorb the energy needed to excite them from the highest
occupied to the lowest unoccupied level).
The magnetic properties of a complex can aid us determine the former. A complex containing a
transition metal ion has an effective magnetic dipole moment both because it contains electrons
whose spin angular momenta create a dipole moment, but because the electrons placed into an
orbital have also an orbital angular moment, thus a magnetic dipole moment (i.e. they act as
small magnets). The total magnetic moment can be given as:
p
µe f f = l(l + 1) + 4s(s + 1)µB
(10.46)
where l and s are the two angular momenta and µB is the Bohr magneton. In some cases, if the
complex has low enough symmetry, the orbital angular moments are negligible, which yields
the spin-only formula for the effective magnetic moment:
p
µe f f = n(n + 2)µB
(10.47)
where n is the number of unpaired electrons in the complex. This formula holds generally for
the first row, high-spin transition metal complexes. Especially for tetrahedral complexes, strong
deviations are observed. Also, for higher rows, the so-called spin-orbital coupling becomes nonnegligible, and the spin and orbital angular momenta will become dependent on each other.
But nonetheless, this property allows us to detect high-spin and low-spin complexes by measuring the value of magnetic dipole moment. The effective magnetic moment is defined as:
µe f f = K

p

Tχ

where

b
magnetization = χ H

(10.48)
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thus, the magnetic dipole moment expresses the strength of interaction of a sample when placed
into a magnetic field, with the magnetic field - this can be a measured, thus the number of unpaid
electrons determined and thus the spin-state of a complex deciphered. This is widely used.
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Chapter 11

Organic chemistry
Organic chemistry is the science and art of studying and reproducing the structure of organic,
i.e. carbon containing molecules. As opposed to solid-state chemistry, the theoretical description
using the valence-bond theory combined with the molecular orbital theory works nearly perfectly
in this field. The key points are that magnitude (of charge, size, diffusion speed and entropy
change) matters and that opposite charges attract, similars repel each other. Throughout the
centuries, tremendous amount of experience has been gathered - nowadays the question - apart
from finding new reactivities, is rather to find the right molecules to synthesize than to make the
synthesis itself (although large molecule, protein and supramolecular synthesis is still area of
strong research) - for this, I personally think, computer programs will soon be better, as they can
store much more experience than any chemist would be able to acquire. Still, organic chemists
will remain the cornerstone of development in chemistry, as they can lead the way to molecules
of previously unknown variety.
Organic chemistry is way too large to be included here. For a very good introduction start
reading Clayden, and simultaneously, Szilard’s summary booklet. They offer a way to demystify
the randomness in organic reactions.
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Chapter 12

Biological chemistry
Biological chemistry - again, the area is large, can fill lot of shelves. And still, most of the time, a
bit of thinking and 3D visualization can lead to better understanding than the reading of thousand
pages from a biochemistry book. However, for a strong foundation, Stryers biochemistry is
recommended.
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Part V

Closure
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Chapter 13

Horizons
Some people might say chemistry is done, we know everything, can synthesize everything, all
just matter of time.
Now this is far from being the case. Chemistry is the science of ideas - whoever has a really
clever idea and can develop it, will be mentioned and his idea researched for decades. Consider,
for example the different catalysis types, or intercalation mechanism or anything.
But it is not that this subsequent research would drive chemistry, or I would say, any science
forward. No, they are the new ideas that might proove useful to solve some of the old problems.
From this is clear, that chemistry is far from being done - and it can be brough forward by anybody, who is independent enough and has a slight vision to detach from the strict old concepts,
and possibly by merging them, come up with something new. As we know more and more, this
will be more and more and option - so chemistry is just becoming to be more interesting and
lucrative.
That is what I think. Consider what is important and has potential and think about that. That is
everybodies own decision, however, no trends or fancy names should tell it to anybody.
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Chapter 14

Problems library
Here, the IChO problems, preparatory problems and KÖKÉL H (Középiskolai Kémiai Lapok,
a chemistry journal published by the Hungarian Chemical Society, containing among others
chemistry problems written by professors, teachers or adapted from previous olympiads) problems will be uploaded classified according to the main topics they cover.
All problems can be found in the following cloud, in pdf format:

https://drive.google.com/open?id=17nlEMeo4UdJH994FEAtMIcMjk63Vesr3
Please, note that I by no means claim that I have contributed to the construction of these
problems. They are products of years and years of creative thinking done by multiple people in
order to let us feel, that chemistry can indeed be applied. What I hereby admit have done is their
classification according to topics, which I hope, might ease by allowing topic-specific solving,
their use.
Some problems are good, requiring not just factual knowledge but some thinking as well,
whereas others are based entirely on the standard knowledge and require on its - very good understanding.
A general advice is, that - unlike in reality - these problems can all have been constructed to be
solvable with the knowledge that you, we possess. Even if a seemingly difficult problem is encountered, solving it only is the matter of finding out what logic the creator wanted us to follow
by identifying the small hints given that are to guide us in the right direction.
The Olympiad problems generally are of higher quality and are tested to be solvable in a short
amount of time. Preparatory problems do usually differ in quality, some might need some rethinking or good eyes to discover the mistakes. Kokel problems, on the other hand, require a bit
longer time and probably some research.
Enjoy them.
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Chapter 15

References and further reading
First and foremost, the above presented material is based on the qualification sessions in Hungary for the IChO. In some of the chapters, I have used the logic encountered and followed there
and used ideas that I came across while solving the problems there. Here, I present an annotated
bibliography. The following books I have used to complement my knowledge in the above areas,
throughout the writing process. At some place, therefore, the same notation or logic is followed
- I admit it happily. I think all these books are worth reading:
KEELER, J., P. WOTHERS: Chemical Structure and Reactivity: An integrated approach. 2nd
ed. New York: Oxford University Press, 2013 - for very good and satisfying general understanding
ATKINS, P., J. D. PAULA, J. KEELER: Atkins’ Physical Chemistry. 11th ed. New York: Oxford University Press, 2017 - for a physical background - although at some places following a
bit strange logic
CANADELL, E., M-L. DOUBLET, C. IUNG: Orbital Approach to the Electronic Structure of
Solids, New York: Oxford University Press, 2012. - although a bit mathematical, but a good
summary of how we can (not) describe solid state structures
CLAYDEN J., N. GREEVES, S. WARREN, P. WOTHERS: Organic chemistry, New York: Oxford University Press, 2000. - organic chemistry A-Z, enjoyable
MAHLER, G.: Symphony No. 1 D ”Titan”, Vienna Philharmonic Orchestra, conductor: Leonard
Bernstein and/or MAHLER, G.: Symphony No. 3 D Min, Vienna Philharmonic Orchestra, conductor: Leonard Bernstein and/or DVOŘÁK: Symphony No. 9 ”From The New World”, Vienna
Philharmonic Orchestra, conductor: Herbert Karajan - if you have reached this far, you definitely
deserve something of quality
VARGA, SZ.: Szerves kémiai összefoglaló, 2014. - everything (and a bit more) needed from
organic chemistry for the olympiads in general, in Hungarian
VILLÁNYI, A.: Kémia - Összefoglaló középiskolásoknak, Budapest: Műszaki Könyvkiadó,
2004. - a logic-seeking introduction to chemistry, for me of high importance throughout the
years, containing a highly appreciable qualitative analysis table
Also, useful information can be found on the website of Michigan State Universty (which was
used for the mass spectrometry section):
https://www2.chemistry.msu.edu/faculty/reusch/virttxtjml/spectrpy/massspec/
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